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Wklv sdshu vkrzv wkdw wkh surwdelolw| ri whqghu rhuv iru upv zlwk zlgho|
glvshuvhg vkduhkroghuv ghshqgv juhdwo| rq wkh zd| wkh whqghu rhu lv qdqfhg1 Li
wkh whqghu rhu lv qdqfhg zlwk htxlw| ru fdvk iurp wkh udlghu*v rzq srfnhw/ dq|
jdlqv iurp ixwxuh ydoxh lpsuryhphqwv pxvw eh sdvvhg wr wkh wdujhw vkduhkroghuv
wr lqgxfh wkhp wr whqghu wkhlu vkduhv1 Frqvhtxhqwo|/ wkh whqghu rhu idlov1 Lq
frqwudvw/ li wkh whqghu rhu lv qdqfhg zlwk ghew/ wkh dgglwlrqdo ohyhudjh lqwur0
gxfhg lqwr wkh wdujhw up*v fdslwdo vwuxfwxuh uhgxfhv wkh srvwwdnhryhu vkduh ydoxh
dqg wkhuhe| doorzv wkh udlghu wr h{wudfw dw ohdvw sduw ri wkh h!flhqf| jdlq1 Wkh
sdshu ixuwkhu frqvlghuv wkh rswlpdo fkrlfh ri fdslwdo vwuxfwxuh e| dq lqfxpehqw
pdqdjhphqw idflqj d wdnhryhu wkuhdw1 Lw lv vkrzq wkdw dq lqfuhdvh lq ohyhudjh
udlvhv wkh elg suhplxp exw uhgxfhv wkh suredelolw| wkdw wkh whqghu rhu vxffhhgv
dv lw olplwv wkh udlghu*v delolw| wr eruurz djdlqvw wkh wdujhw*v h{lvwlqj dvvhwv1
Nh|zrugv= Whqghu rhu/ ohyhudjh/ iuhh0ulghu sureohp1
MHO Fodvvlfdwlrq Qxpehuv= J65/ J671
Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Pdqqkhlp/ D8/ Urrp D56:/ 9;464 Pdqqkhlp/ Jhu0
pdq|1 XUO= kwws=22zzz1yzo1xql0pdqqkhlp1gh2ohkuvw2khoozlj2krojhu1 Hpdlo= kpxhoohuCsrro1xql0
pdqqkhlp1gh1 L kdyh ehqhwhg iurp frpphqwv dqg vxjjhvwlrqv e| Pduwlq Khoozlj/ Ehqjw Kropvwuùp/
Urpdq Lqghuvw/ Ehqq| Progrydqx/ Dqguhl Vkohlihu/ dqg vhplqdu sduwlflsdqwv dw wkh Xqlyhuvlwlhv ri
Ehuolq +IX,/ Pdqqkhlp/ Wloexuj +FhqwHU,/ wkh Vwrfnkrop Vfkrro ri Hfrqrplfv/ dqg wkh 4<<< GIJ0
V|psrvlxp rq H!flhqw Ghvljq ri Ilqdqfldo Pdunhwv dqg Lqvwlwxwlrqv lq Howylooh1 Lq sduwlfxodu/ L
wkdqn Plnh Exunduw dqg Iudq} Kxehuw iru wkhlu khosixo frpphqwv1 Ilqdqfldo vxssruw iurp Ghxwvfkh
Iruvfkxqjvjhphlqvfkdiw/ Vrqghuiruvfkxqjvehuhlfk 837/ lv judwhixoo| dfnqrzohgjhg1
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4 Lqwurgxfwlrq
Rqh ri wkh surplqhqw fkdudfwhulvwlfv ri wkh 4<;3v wdnhryhu zdyh lv wkh gudpdwlf lqfuhdvh
lq wkh xvh ri ghew wr qdqfh wdnhryhuv1 Lq vslwh ri wklv idfw/ d odujh sduw ri wkh whqghu rhu
olwhudwxuh lpsolflwo| dvvxphv wkdw wkh rhu lv qdqfhg zlwk fdvk rxw ri wkh udlghu*v rzq
srfnhw +h1j1 Jurvvpdq dqg Kduw 4<;3> Vkohlihu dqg Ylvkq| 4<;9> Kluvkohlihu dqg Wlwpdq
4<<3> Exunduw/ Jurpe/ dqg Sdqxq}l 4<<;,14 Lq wklv sdshu/ zh h{dplqh zkhwkhu wkh
fkrlfh ri whqghu rhu qdqflqj pdwwhuv1 Zh frqvlghu wkuhh glhuhqw vrxufhv ri qdqflqj=
ghew/ htxlw|/ dqg fdvk iurp wkh udlghu*v rzq srfnhw1 Lq dffrugdqfh zlwk wkh pdmrulw| ri
wkh whqghu rhu olwhudwxuh/ zh dvvxph wkdw wkh wdujhw up lv zlgho| khog1
Li wkh whqghu rhu lv qdqfhg zlwk htxlw| ru fdvk/ wkh prgh ri qdqflqj kdv qr hhfw
rq wkh wdujhw up*v fdslwdo vwuxfwxuh/ h{fhsw wkdw wkh lghqwlw| ri sduw ri wkh vkduhkroghuv
fkdqjhv= vkduhv wkdw zhuh iruphuo| khog e| wkh whqghulqj vkduhkroghuv duh qrz khog e|
wkh udlghu1 Exw wklv lpsolhv wkdw dq| ixwxuh ydoxh lpsuryhphqw eurxjkw derxw e| wkh
udlghu lv ixoo| uh hfwhg lq wkh srvwwdnhryhu vkduh ydoxh1 Dffruglqjo|/ wkh udlghu pxvw
sdvv wkh ixoo ydoxh lpsuryhphqw wr wkh wdujhw vkduhkroghuv lq wkh irup ri d elg suhplxp
wr lqgxfh wkhp wr whqghu wkhlu vkduhv +Jurvvpdq dqg Kduw 4<;3,1 Lq wkh devhqfh ri d
vx!flhqwo| odujh wrhkrog/ sulydwh ehqhwv ri frqwuro/ ru phwkrgv wr gloxwh wkh fodlpv ri
plqrulw| vkduhkroghuv/ wklv lpsolhv wkdw wkh wdnhryhu lv xqsurwdeoh1
Li wkh whqghu rhu lv qdqfhg zlwk ghew/ zh dvvxph wkdw wkh ghew lv edfnhg e| wkh dv0
vhwv ri wkh wdujhw up1 Jlyhq wkdw wkh zhdowk ri wkh dftxlulqj sduw| lv w|slfdoo| wrr vpdoo
wr vhuyh dv froodwhudo/ wklv sudfwlfh lv vwdqgdug1 Wr surylgh wkh ghewkroghuv zlwk ohjdo
dffhvv wr wkh wdujhw*v dvvhwv/ wkh udlghu +pruh suhflvho|= wkh vkhoo frusrudwlrq lq zkrvh
qdph wkh ghew zdv lvvxhg, dqg wkh wdujhw pxvw phujh1 Iru dq ryhuylhz ri srvvleoh w|shv
ri phujhuv +h1j1 wzr0sduw| wudqvdfwlrqv/ wkuhh0sduw| wudqvdfwlrqv/ wuldqjxodu phujhuv/
hwf1,/ vhh Vfkdui/ Vkhd/ dqg Ehfn +4<<4,1 Wkh hhfw ri wkh phujhu rq wkh srvwwdnhryhu
ydoxh ri wkh wdujhw*v vkduhv lv reylrxv1 Gxh wr wkh dgglwlrqdo ghew lqwurgxfhg lqwr wkh
wdujhw up*v fdslwdo vwuxfwxuh/ wkh srvwwdnhryhu vkduh ydoxh lqfuhdvhv e| dq dprxqw wkdw
lv pxfk vpdoohu wkdq wkh udlghu*v ydoxh lpsuryhphqw1 Lq idfw/ li wkh ghew wdnhq rq e| wkh
udlghu lv vx!flhqwo| odujh/ wkh srvwwdnhryhu vkduh ydoxh pd| hyhq idoo ehorz wkh wdujhw*v
lqlwldo qhw zruwk1 Dv lv vkrzq/ wklv lpsolhv wkdw wkh udlghu fdq w|slfdoo| h{wudfw dw ohdvw
sduw ri wkh srwhqwldo h!flhqf| jdlq1 Rxu sdshu wkxv surylghv dq h{sodqdwlrq iru wkh uroh
ri ohyhudjh lq wdnhryhuv wkdw lv glhuhqw iurp wkh vwdqgdug wd{ dujxphqw +Ndsodq 4<;<,/
ru wkh dujxphqw wkdw ohyhudjh plwljdwhv wkh iuhh fdvk  rz sureohp +Mhqvhq 4<;9,15
4Dq h{fhswlrq lv wkh sdshu e| Fkrzgku| dqg Qdqgd +4<<6,1
5Li doo wkuhh dujxphqwv duh frqvlghuhg vlpxowdqhrxvo|/ wkh wrwdo hhfw ri ohyhudjh rq wkh srvwwdnhryhu
vkduh ydoxh lv dpeljxrxv1 Rq wkh rqh kdqg/ iru dq| jlyhq srvwwdnhryhu ydoxh ri wkh wdujhw*v dvvhwv/ dq
lqfuhdvh lq wkh udlghu*v ohyhudjh +zkhuh wkh surfhhgv duh xvhg wr sd| iru wkh whqghuhg vkduhv/ dqg wr sd|
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Lq rxu prgho/ zh iroorz Exunduw/ Jurpe/ dqg Sdqxq}l +4<<;, e| dvvxplqj wkdw
wkh ydoxh lpsuryhphqw eurxjkw derxw e| wkh udlghu lv hqgrjhqrxv16 Pruh suhflvho|/
zh dvvxph wkdw diwhu jdlqlqj frqwuro/ wkh udlghu fdq h{shqg frvwo| hruw wr lpsuryh
wkh ydoxh ri wkh wdujhw up*v dvvhwv1 Wklv dxwrpdwlfdoo| sxwv dq xsshu erxqg rq wkh
dprxqw wkdw wkh udlghu fdq eruurz lq htxloleulxp1 Wkh uhdvrq lv wkdw/ li wkh ghew lv wrr
kljk/ lw pd| eh +h{ srvw, rswlpdo iru wkh udlghu wr h{huw qr hruw dw doo dv prvw ri wkh
ydoxh lpsuryhphqw jrhv wr wkh ghewkroghuv1 Wklv lv d fodvvlf h{dpsoh ri P|huv* +4<::,
xqghulqyhvwphqw sureohp1 Dffruglqjo|/ wr surylgh wkh udlghu zlwk vx!flhqw lqfhqwlyhv
wr lpsuryh wkh ydoxh ri wkh wdujhw up*v dvvhwv/ wkh ghew ohyho pxvw qrw eh wrr kljk1 Dv
lv vkrzq/ wkh h{lvwhqfh ri dq xsshu erxqg rq wkh udlghu*v ghew lv rqh ri wkh uhdvrqv zk|
wkh udlghu w|slfdoo| fdqqrw h{wudfw wkh ixoo h!flhqf| jdlq1
Iru wkh prvw sduw ri wkh sdshu/ zh dvvxph wkdw wkh lqfxpehqw pdqdjhphqw uhpdlqv
sdvvlyh zkhq lw idfhv d wdnhryhu wkuhdw1 Li wkh lqfxpehqw pdqdjhphqw fdq uhvsrqg
wr wkh wdnhryhu wkuhdw e| fkdqjlqj wkh wdujhw up*v fdslwdo vwuxfwxuh/ wkh rxwfrph
ghshqgv rq zkhwkhu wkh pdqdjhphqw dfwv lq lwv rzq lqwhuhvw ru lq wkh lqwhuhvw ri lwv
vkduhkroghuv1 Li wkh pdqdjhphqw dfwv lq lwv rzq lqwhuhvw/ zh dvvxph wkdw lw pd{lpl}hv
lwv whqxuh1 Frqvhtxhqwo|/ lw zloo wu| wr suhyhqw wkh wdnhryhu zkhqhyhu wklv lv srvvleoh1 Lq
wklv fdvh/ wkh pdqdjhphqw zloo w|slfdoo| uhgxfh wkh wdujhw*v pdunhw ydoxh +h1j1 wkurxjk
d ohyhudjhg uhfdslwdol}dwlrq ru e| vhoolqj r dvvhwv dqg glvwulexwlqj wkh surfhhgv wr wkh
vkduhkroghuv, lq rughu wr olplw wkh udlghu*v delolw| wr eruurz djdlqvw wkh wdujhw*v h{lvwlqj
dvvhwv1 Li wkh lqfxpehqw pdqdjhphqw dfwv lq wkh lqwhuhvw ri lwv vkduhkroghuv/ zh dvvxph
wkdw lw pd{lpl}hv wkh elg suhplxp1 Lq wklv fdvh/ d uhgxfwlrq lq wkh wdujhw*v pdunhw
ydoxh lv ehqhfldo rqo| xs wr d fhuwdlq ohyho +yl}1/ wkh ohyho zkhuh wkh udlghu*v surw
lv mxvw }hur,1 Li wkh pdunhw ydoxh lv uhgxfhg eh|rqg wklv ohyho/ wkh wdnhryhu ehfrphv
xqsurwdeoh iru wkh udlghu dqg grhv qrw wdnh sodfh1 Dq lqwhuhvwlqj lpsolfdwlrq ri wklv lv
wkdw iru upv zlwk d orz lqlwldo pdunhw ydoxh/ lw pd| eh rswlpdo wr lqfuhdvh wkh pdunhw
ydoxh +h1j1 e| lvvxlqj qhz htxlw|, wr hqvxuh wkdw wkh wdnhryhu zloo eh xqghuwdnhq1 Wklv
zd|/ wkh wdujhw vkduhkroghuv fdq h{wudfw wkh ixoo h!flhqf| jdlq1
Lq dgglwlrq wr wkh wdnhryhu olwhudwxuh/ rxu sdshu lv uhodwhg wr wkh olwhudwxuh rq wkh
vwudwhjlf xvh ri ghew lq edujdlqlqj1 Lq Shurwwl dqg Vslhu +4<<6, dqg Gdvjxswd dqg
Vhqjxswd +4<<6,/ d up lqfuhdvhv lwv ohyhudjh wr uhglvwulexwh uhqwv iurp zrunhuv +zklfk
duh uhsuhvhqwhg e| d oderu xqlrq, wr vkduhkroghuv1 Olnh lq rxu prgho/ wkh vxusoxv wr eh
ihhv wr sduwlflsdwlqj edqnv/ odz|huv/ ru wkh udlghu klpvhoi +xs0iurqw ihhv,, uhgxfhv wkh srvwwdnhryhu
vkduh ydoxh +gluhfw hhfw,1 Rq wkh rwkhu kdqg/ dq lqfuhdvh lq wkh udlghu*v ohyhudjh lqfuhdvhv wkh srvw0
wdnhryhu vkduh ydoxh gxh wr wkh dgglwlrqdo wd{ ehqhwv dqg wkh uhgxfwlrq lq wkh djhqf| frvw ri iuhh fdvk
 rz +lqgluhfw hhfw,1 Zh wkdqn Dqguhl Vkohlihu iru srlqwlqj wklv rxw1
6Wklv dvvxpswlrq lv qrw fuxfldo1 Dv lv vkrzq lq Vhfwlrq 6/ wkh edvlf hhfw ri ohyhudjh rq wkh rxwfrph
ri wkh whqghu rhu lv wkh vdph li wkh ydoxh lpsuryhphqw lv h{rjhqrxv1
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glvwulexwhg lv uhgxfhg e| wkh idfh ydoxh ri wkh dgglwlrqdo ghew1 Jlyhq wkdw wkh zrunhuv
dozd|v jhw d frqvwdqw iudfwlrq ri wkh vxusoxv dqg ghew lv vrog dw d idlu sulfh/ wklv phdqv
wkdw wkh vkduhkroghuv pxvw ehqhw iurp wkh lqfuhdvh lq ohyhudjh1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh edvlf prgho
dqg h{dplqhv wkh fkrlfh ri whqghu rhu qdqflqj iru wkh fdvh zkhuh wkh udlghu*v ydoxh
lpsuryhphqw lv hqgrjhqrxv1 Wkh fdvh ri h{rjhqrxv ydoxh lpsuryhphqwv lv frqvlghuhg lq
Vhfwlrq 61 Vhfwlrq 7 glvfxvvhv wkh fkrlfh ri fdslwdo vwuxfwxuh e| wkh lqfxpehqw pdqdjh0
phqw lq wkh suhvhqfh ri d wdnhryhu wkuhdw1 Vhfwlrq 8 suhvhqwv wkh hpslulfdo lpsolfdwlrqv
ri rxu prgho1 Vhfwlrq 9 frqfoxghv1 Doo surriv duh surylghg lq wkh Dsshqgl{1
5 Rswlpdo Ilqdqflqj ri Whqghu Rhuv
514 Wkh Prgho
Frqvlghu d up zlwk dwrplvwlf vkduhkroghuv idflqj d whqghu rhu e| d srwhqwldo dftxluhu
+wkh udlghu,1 Zh uhvwulfw dwwhqwlrq wr whqghu rhuv zkhuh wkh wdujhw vkduhkroghuv
uhfhlyh fdvk lq h{fkdqjh iru vhoolqj wkhlu vkduhv17 Wkh wdujhw*v lqlwldo qhw zruwk +l1h1 wkh
pdunhw ydoxh ri wkh wdujhw*v dvvhwv qhw ri dq| ghew, lv ghqrwhg e|  : f Zh iroorz
Exunduw/ Jurpe/ dqg Sdqxq}l +4<<;, e| dvvxplqj wkdw wkh udlghu*v ydoxh lpsuryhphqw
lv hqgrjhqrxv1 Pruh suhflvho|/ li wkh udlghu jdlqv frqwuro/ kh fdq lpsuryh wkh ydoxh ri
wkh wdujhw up*v dvvhwv e| e  f Wkh vhtxhqfh ri hyhqwv lv dv iroorzv1
Vwdjh 4 =
Lq vwdjh 4/ wkh udlghu pdnhv d elg K iru wkh wdujhw*v vkduhv1 Wkh elg lv frqglwlrqdo
dqg xquhvwulfwhg lq wkh vhqvh wkdw wkh udlghu lv reoljhg wr sxufkdvh doo vkduhv whqghuhg
frqglwlrqdo xsrq dwwdlqlqj wkh uhohydqw frqwuro pdmrulw| 	q 5 Efc o 8 Sulru wr pdnlqj
klv elg/ wkh udlghu pxvw ghflgh krz wr udlvh wkh fdvk qhhghg iru wkh dftxlvlwlrq1 Zh
frqvlghu wkuhh srvvleoh vrxufhv ri qdqflqj= ghew/ htxlw|/ dqg fdvk frplqj iurp wkh
udlghu*v rzq srfnhw1 Wkh ghwdlov ri wkh qdqflqj duh sxeolfo| dqqrxqfhg lq frqmxqfwlrq
zlwk wkh elg19 Dv wkh glvforvxuh ri wklv lqirupdwlrq pd| dhfw wkh wdujhw vkduhkroghuv*
7Wklv lv wkh vhwwlqj frqvlghuhg lq Jurvvpdq dqg Kduw +4<;3,/ Vkohlihu dqg Ylvkq| +4<;9,/ Kluvkohlihu
dqg Wlwpdq +4<<3,/ dqg Exunduw/ Jurpe/ dqg Sdqxq}l +4<<;,1 Wkh rswlpdo fkrlfh ri wkh phglxp ri
h{fkdqjh lq dftxlvlwlrqv +fdvk/ vkduhv/ ru ghew, lv glvfxvvhg lq d uhodwhg exw vhsdudwh vwudqg ri wkh
olwhudwxuh +h1j1 Kdqvhq 4<;:> Ilvkpdq 4<;<> Hfner/ Jldppdulqr/ dqg Khlqnho 4<<3,1
8E| uhohydqw frqwuro pdmrulw|/ zh phdq wkh iudfwlrq ri vkduhv qhfhvvdu| wr hqjdjh lq d phujhu zlwk
wkh wdujhw1 Iru lqvwdqfh/ lq Ghodzduh zkhuh pruh wkdq kdoi ri wkh Iruwxqh 833 upv duh lqfrusrudwhg/
wkh udlghu fdq hhfw d phujhu zlwk wkh wdujhw li kh rzqv dw ohdvw ;8 shufhqw ri wkh wdujhw*v vkduhv1
9Whqghu rhu uhjxodwlrq w|slfdoo| uhtxluhv wkh glvforvxuh ri wklv lqirupdwlrq1 Iru lqvwdqfh/ lq wkh
Xqlwhg Vwdwhv/ Vhfwlrq 47+g, ri wkh Zlooldpv Dfw uhtxluhv wkdw dq| sduw| pdnlqj d whqghu rhu pxvw
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whqghu ghflvlrq/ zh uhtxluh wkdw wkh vkduhkroghuv duh qrw irrohg1 Wkdw lv/ zh uhtxluh
wkdw diwhu wkh vkduhv duh whqghuhg/ wkh udlghu kdv qr lqfhqwlyh wr ghyldwh iurp klv lqlwldo
dqqrxqfhphqw1 Ilqdoo|/ fdslwdo pdunhwv duh dvvxphg wr eh shuihfwo| frpshwlwlyh/ zklfk
lpsolhv wkdw wkh kroghuv ri dq| vhfxulwlhv lvvxhg e| wkh udlghu pxvw euhdn hyhq rq dyhudjh1
Vwdjh 5 =
Lq vwdjh 5/ wkh wdujhw vkduhkroghuv vlpxowdqhrxvo| dqg qrq0frrshudwlyho| ghflgh
zkhwkhu wr whqghu wkhlu vkduhv1 Wkh iudfwlrq ri whqghuhg vkduhv lv ghqrwhg e| q 5 dfc o 
Li q 	 	qc wkh wdnhryhu idlov dqg qr frvwv duh lqfxuuhg1 Li q  	q/ wkh wdnhryhu vxffhhgv
dqg wkh udlghu sd|v qKn Sc zkhuh S : f ghqrwhv wkh wudqvdfwlrq frvw dvvrfldwhg zlwk wkh
wdnhryhu1 Lq htxloleulxp/ wkh ixqgv udlvhg lq vwdjh 4 pxvw htxdo ru h{fhhg qK n S1 Wr
vhohfw dprqj pxowlsoh htxloleulxp rxwfrphv/ zh iroorz Exunduw/ Jurpe/ dqg Sdqxq}l
+4<<;, dqg xvh wkh Sduhwr0grplqdqfh fulwhulrq1 Lq wkh frqwh{w ri dwrplvwlf vkduhkrog0
huv/ wklv fulwhulrq dsshduv vhqvleoh dv lw holplqdwhv xquhdvrqdeoh Qdvk htxloleulxp
rxwfrphv +h1j1 zkhuh wkh wdnhryhu idlov hyhq wkrxjk wkh udlghu elgv vwulfwo| pruh wkdq
wkh srvwwdnhryhu vkduh ydoxh/ ru zkhuh wkh wdnhryhu vxffhhgv hyhq wkrxjk wkh udlghu elgv
vwulfwo| ohvv wkdq wkh wdujhw*v lqlwldo qhw zruwk,1
Vwdjh 6 =
Lq vwdjh 6/ wkh udlghu fkrrvhv dq hruw ohyho e  f +zklfk uhsuhvhqwv wkh lqfuhdvh lq
wkh ydoxh ri wkh wdujhw*v dvvhwv, dw sulydwh frvw  Ee1 Li wkh udlghu lv lqglhuhqw ehwzhhq
wzr hruw ohyhov/ zh dvvxph wkdw kh vhohfwv wkh kljkhu hruw ohyho1 Wkh frvw ixqfwlrq  E
lv vwulfwo| lqfuhdvlqj +h{fhsw dw e ’ f, dqg vwulfwo| frqyh{ zlwk  Ef ’ fc  Ef ’ fc
 Ef : fc dqg  Ee ’  iru vrph e : f Wkh iroorzlqj dvvxpswlrq hqvxuhv wkdw d




	  Ee iru doo e  f
515 Htxlw| ru Fdvk Ilqdqflqj
Li wkh dftxlvlwlrq lv qdqfhg zlwk htxlw| ru fdvk/ wkh wdujhw*v fdslwdo vwuxfwxuh uhpdlqv
xqfkdqjhg/ h{fhsw wkdw d iudfwlrq q ri wkh htxlw| lv qrz khog e| wkh udlghu1 Frqvhtxhqwo|/
dq| ydoxh lpsuryhphqw eurxjkw derxw e| wkh udlghu lv ixoo| uh hfwhg lq wkh srvwwdnhryhu
vkduh ydoxh dqg pxvw eh sdvvhg wr wkh wdujhw vkduhkroghuv wr lqgxfh wkhp wr whqghu
+Jurvvpdq dqg Kduw 4<;3,1 Dv wkh udlghu ehduv wkh ixoo hruw dqg wudqvdfwlrq frvw/ wklv
lpsolhv wkdw wkh wdnhryhu lv xqsurwdeoh dqg grhv qrw wdnh sodfh1
oh d Vfkhgxoh 47G04 zlwk wkh VHF zkhuh lw ghvfulehv lq ghwdlo krz wkh rhu lv qdqfhg1
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516 Ghew Ilqdqflqj
Li wkh dftxlvlwlrq lv qdqfhg zlwk ghew/ wkh udlghu rujdql}hv d vkhoo frusrudwlrq wkdw
lvvxhv wkh ghew dqg dfwv dv wkh ohjdo hqwlw| pdnlqj wkh dftxlvlwlrq1: Wkh ghew lvvxhg
e| wkh vkhoo frusrudwlrq lv ghqrwhg e| ( Vlqfh wkh vkhoo frusrudwlrq kdv qr dvvhwv/ wkh
ghew pxvw eh edfnhg e| wkh dvvhwv ri wkh wdujhw up1 Ohjdoo|/ wklv uhtxluhv wkdw diwhu
wkh wdujhw up lv dftxluhg/ wkh vkhoo frusrudwlrq dqg wkh wdujhw phujh1 Lq idfw/ wkh
phujhu lv 111 hvvhqwldo wr shuplw wkh ex|hu wr uhvwuxfwxuh wkh dvvhwv ri wkh wdujhw frpsdq|
dqg xvh wkhp wr uhsd| dftxlvlwlrq ghew +Vfkdui/ Vkhd/ dqg Ehfn 4<<4/ s1664,1 Wkxv/
wkh edvlf glhuhqfh ehwzhhq htxlw| ru fdvk qdqflqj dqg ghew qdqflqj lv wkdw ghew
qdqflqj dhfwv wkh wdujhw up*v fdslwdo vwuxfwxuh1 Pruh suhflvho|/ li wkh dftxlvlwlrq
lv qdqfhg zlwk fdvk ru htxlw|/ wkh srvwwdnhryhu vkduh ydoxh lv  n ec zkhuhdv li wkh
dftxlvlwlrq lv qdqfhg zlwk ghew/ wkh srvwwdnhryhu vkduh ydoxh lv4@ d n e(c fo  Wr
uxoh rxw wkdw wkh fodlpv ri wkh wdujhw*v h{lvwlqj ghewkroghuv duh gloxwhg e| wkh phujhu/ zh
dvvxph wkdw dq| ghew wdnhq rq e| wkh wdujhw up sulru wr wkh phujhu lv vhqlru1 Pruhryhu/
zh uhvwulfw dwwhqwlrq wr vwdqgdug ghew frqwudfwv1 Wkxv/ li wkh srvwwdnhryhu ydoxh ri wkh
wdujhw up*v +pruh suhflvho|= phujhg up*v, dvvhwv qhw ri vhqlru ghew lv ohvv wkdq (c
wkh vkhoo frusrudwlrq*v ghewkroghuv jhw  n e dqg wkh udlghu jhwv }hur1 Frqyhuvho|/ li
n e  (c wkh vkhoo frusrudwlrq*v ghewkroghuv jhw ( dqg wkh udlghu jhwv q E n e(1
Iru frqyhqlhqfh/ zh dvvxph wkdw wkh lqwhuhvw udwh lv }hur1
Ghqrwh e| T Eec( ’ 4@ d n e(c fo wkh srvwwdnhryhu ydoxh ri wkh wdujhw up*v
+l1h1 phujhg up*v, vkduhv1 Wkh udlghu*v ryhudoo sd|r lq vwdjhv 406 lv wkhq
 ’ (  qKn qT Eec(  Ee S +4,
Wkh udlghu*v sureohp lv wr qg ydoxhv ri ec K/ dqg( wkdw pd{lpl}h wklv h{suhvvlrq vxemhfw
wr wkh }hur0surw frqvwudlqw ri wkh vkhoo frusrudwlrq*v ghewkroghuv dqg wkh frqvwudlqw wkdw
wkh ghew lvvxhg e| wkh vkhoo frusrudwlrq pxvw eh vx!flhqwo| odujh wr sd| iru wkh whqghuhg
vkduhv dqg wr fryhu wkh wudqvdfwlrq frvw1 Wkh jdph lv vroyhg e| edfnzdug lqgxfwlrq1
Vwdjh 6 =
Lq vwdjh 6/ wkh udlghu fkrrvhv dq hruw ohyho e wr pd{lpl}h wkh ydoxh ri klv vkduhv qhw
ri hruw frvw1 Kh vroyhv
4@ 
e
qT Eec(  Ee  +5,
Wkh vroxwlrq wr wkh udlghu*v sureohp iroorzv uhdglo| iurp lqvshfwlrq1
:Wklv surfhgxuh lv vwdqgdug dqg lv hpsor|hg lq prvw ohyhudjhg ex|rxwv dqg dftxlvlwlrqv e| frusrudwh
udlghuv1 Wkh dgydqwdjh ri d vkhoo frusrudwlrq lv wkdw wkh rxwfrph ri wkh whqghu rhu lv lqghshqghqw ri

















































Iljxuh 4= Looxvwudwlrq ri Ohppd 4
Ohppd 4= Li  Ee : qT Eec( iru doo e : fc wkh rswlpdo hruw ohyho lv eW ’ f
Frqyhuvho|/ li  Ee  qT Eec( iru vrph e : fc wkh rswlpdo hruw ohyho lv vwulfwo|
srvlwlyh dqg vdwlvhv  EeW ’ q
Ohppd 4 lv looxvwudwhg lq Iljxuh 41 Wkh ohiw slfwxuh vkrzv wkh rswlpdo hruw fkrlfh
iru jlyhq ydoxhv ri ( dqg q Kroglqj q {hg/ dq lqfuhdvh lq wkh ghew ohyho iurp ( wr
(2 grhv qrw dhfw wkh rswlpdo hruw fkrlfh1 Pruh jhqhudoo|/ iru dq| ghew ohyho (  (2c
wkh rswlpdo hruw fkrlfh lv lqghshqghqw ri ( dqg xqltxho| fkdudfwhul}hg e| wkh udlghu*v
uvw0rughu frqglwlrq  EeW ’ q Li/ krzhyhu/ ( lv lqfuhdvhg wr (c wkh rswlpdo hruw
fkrlfh lv }hur dv prvw ri wkh ydoxh lpsuryhphqw jrhv wr wkh ghewkroghuv1
Iru dq| jlyhq ghew ohyho/ wkhuh h{lvwv d ydoxh ri q vxfk wkdw wkh sd|r ixqfwlrq
qT Eec( lv wdqjhqw wr wkh hruw frvw ixqfwlrq  Ee  Ghqrwh wklv ydoxh e| q E(  E|
Ohppd 4/ wkh rswlpdo hruw ohyho lv wkhq }hur iru doo q 	 q E( c dqg vwulfwo| srvlwlyh
dqg lqfuhdvlqj lq q iru doo q  q E(  Wklv uhodwlrqvkls lv ghslfwhg lq wkh uljkw slfwxuh
lq Iljxuh 41 Wkhuh/ zh dvvxphg wkdw (2 : ( : c iurp zklfk lw iroorzv wkdw wkh
srvwwdnhryhu vkduh ydoxhv T EeW Eq c ( dqg T Ee
W Eq c(2 duh }hur li q 	 q E( dqg
q 	 q E(2 c uhvshfwlyho|/ dqg vwulfwo| srvlwlyh dqg lqfuhdvlqj lq q iru doo rwkhu q1
; Wkh
srvwwdnhryhu vkduh ydoxh dw wkh srlqw q ’ q E( fdq eh frpsxwhg vwudljkwiruzdugo|1 Iru
lqvwdqfh/ lq wkh fdvh ri (2c wkh srvwwdnhryhu vkduh ydoxh dw q ’ q E(2 lv
T EeWEq E(2 c (2 ’ e
W




;Lqflghqwdoo|/ li G ? z> wkh rswlpdo hruw ohyho lv vwulfwo| srvlwlyh iru doo  A 3> zklfk lpsolhv wkdw
Y +h +G, > , kdv qr glvfrqwlqxlw| +lq rwkhu zrugv/ wkh fulwlfdo ohyho  +G, lv }hur,1
:
Iru duelwudu| ydoxhv ri (c wkh srvwwdnhryhu vkduh ydoxh dw q ’ q E( lv wkhq
T EeWEq E( c ( ’
EeWEq E(
q E(
’  E(  +7,
Ilqdoo|/ frqvlghu wkh hhfw ri dq lqfuhdvh lq wkh ghew ohyho rq wkh srvwwdnhryhu vkduh
ydoxh1 Iluvw/ revhuyh wkdw dq lqfuhdvh lq wkh ghew ohyho pxvw vkliw wkh fulwlfdo wkuhvkrog
q E( wr wkh uljkw1 Iru lqvwdqfh/ li ( lqfuhdvhv iurp (2 wr (c wkh rswlpdo hruw ohyho lq
wkh ohiw slfwxuh lq Iljxuh 4 ehfrphv }hur1 Wr pdnh wkh udlghu djdlq lqglhuhqw ehwzhhq
h{huwlqj hruw dqg h{huwlqj qr hruw/ klv htxlw| vkduh pxvw lqfuhdvh iurp q2 ’ q E(2 wr
q E( +qrw lq wkh slfwxuh, vxfk wkdw wkh qhz sd|r ixqfwlrq qT Eec( lv mxvw wdqjhqw
wr wkh hruw frvw ixqfwlrq1 Vhfrqg/ iru dq| jlyhq ydoxh ri q vxfk wkdw eW Eqc( ’
eW Eqc(2 : fc dq lqfuhdvh lq wkh ghew ohyho iurp ( wr (2 xqdpeljxrxvo| uhgxfhv wkh
srvwwdnhryhu vkduh ydoxh dv lw lqfuhdvhv wkh ydoxh ri wkh up*v oldelolwlhv zkloh lw ohdyhv
wkh ydoxh ri wkh dvvhwv qhw ri vhqlru ghew xqfkdqjhg1 Erwk hhfwv ri dq lqfuhdvh lq wkh
ghew ohyho duh ghslfwhg lq wkh uljkw slfwxuh lq Iljxuh 41
Wr vxppdul}h/ li wkh ghew wdnhq rq e| wkh udlghu h{fhhgv wkh wdujhw*v lqlwldo qhw
zruwk/ wkh srvwwdnhryhu vkduh ydoxh kdv d glvfrqwlqxlw| dw q E( : f Li q 	 q E( c wkh
udlghu*v ydoxh lpsuryhphqw lv }hur1 Vlqfh ( : c wkh srvwwdnhryhu vkduh ydoxh T Eec(
lv wkhq dovr }hur1 Rq wkh rwkhu kdqg/ li q  q E( c erwk wkh ydoxh lpsuryhphqw dqg wkh
srvwwdnhryhu vkduh ydoxh duh vwulfwo| srvlwlyh1 Pruhryhu/ wkh srvwwdnhryhu vkduh ydoxh lv
wkhq vwulfwo| lqfuhdvlqj lq qc zklfk uh hfwv wkh idfw wkdw d juhdwhu vkduh lq wkh wdujhw
up lqgxfhv wkh udlghu wr fkrrvh d kljkhu ohyho ri hruw1
E| lqvshfwlrq ri wkh ohiw slfwxuh lq Iljxuh 4/ wkh pd{lpxp dprxqw wkdw wkh udlghu
fdq eruurz iru dq| jlyhq ydoxh ri q lv wkh ghew ohyho dw zklfk qT Eec( lv mxvw wdqjhqw
wr wkh hruw frvw ixqfwlrq1 Khqfh/ wkh udlghu fdq eruurz dq| dprxqw xs wr




zkhuh eW Eq lv ghqhg e| wkh udlghu*v uvw0rughu frqglwlrq1 Qrwh wkdw ( Eq lv vwulfwo|
ohvv wkdq wkh srvwwdnhryhu ydoxh ri wkh wdujhw*v dvvhwv qhw ri vhqlru ghew neW Eq c zklfk
fdq eh wkrxjkw ri dv froodwhudo iru wkh udlghu*v ghew1 Wkh uhdvrq zk| wkh udlghu fdqqrw
eruurz djdlqvw wkh ixoo ydoxh ri wkh froodwhudo lv wkdw kh pxvw kdyh vx!flhqw lqfhqwlyhv lq
wkh irup ri uhvlgxdo lqfrph wr surgxfh wklv ydoxh lq wkh uvw sodfh1 Dffruglqjo|/ wkh vkhoo
frusrudwlrq*v ghewkroghuv* }hur0surw frqglwlrq lv vdwlvhg li dqg rqo| li (  ( Eq  Dq|
ydoxh ri ( wkdw vdwlvhv wklv frqvwudlqw lv fdoohg ihdvleoh1
















zkhuh wkh lqhtxdolw| iroorzv wkh udlghu*v uvw0rughu frqglwlrq1 Khqfh/ wkh pd{lpxp
dprxqw wkdw wkh udlghu fdq eruurz lv vwulfwo| lqfuhdvlqj lq klv vkduh lq wkh wdujhw up1
Lqwxlwlyho|/ d kljkhu vkduh lq wkh wdujhw up lpsuryhv wkh udlghu*v lqfhqwlyhv dqg wkxv
wkh ydoxh ri wkh dvvhwv wkdw frqvwlwxwh wkh froodwhudo iru wkh udlghu*v ghew1
Vwdjh 5 =
Lq vwdjh 5/ wkh wdujhw vkduhkroghuv qrq0frrshudwlyho| ghflgh zkhwkhu wr whqghu wkhlu
vkduhv1 Jlyhq wkdw wkh whqghu ghflvlrq ri dq| lqglylgxdo vkduhkroghu grhv qrw dhfw wkh
rxwfrph ri wkh elg/ wkh sulfh rhuhg e| wkh udlghu pxvw htxdo ru h{fhhg wkh h{shfwhg
srvwwdnhryhu vkduh ydoxh iru wkh elg wr vxffhhg1 Zkloh wklv frqglwlrq lv qhfhvvdu|/ lw lv
qrw vx!flhqw1 Li wkh udlghu*v elg lv ohvv wkdq wkh ydoxh ri wkh wdujhw*v lqlwldo qhw zruwk/ wkh
wdujhw vkduhkroghuv duh froohfwlyho| ehwwhu r li wkh elg idlov1 Lq rwkhu zrugv/ li K 	 c
idloxuh lv wkh xqltxh Sduhwr0grplqdqw Qdvk htxloleulxp rxwfrph +uhfdoo wkdw wkhuh
dozd|v h{lvwv d Qdvk htxloleulxp zkhuh qrerg| whqghuv,1 Dffruglqjo|/ iru wkh elg wr
vxffhhg/ wkh sulfh rhuhg e| wkh udlghu pxvw dovr htxdo ru h{fhhg wkh wdujhw*v lqlwldo qhw
zruwk1 Wkh iroorzlqj ohppd fkdudfwhul}hv wkh vhw ri Sduhwr0grplqdqw Qdvk htxloleulxp
rxwfrphv iru hdfk srvvleoh elg K1 Lw lv vkrzq wkdw h{fhsw zkhq K ’ c wklv vhw lv d
vlqjohwrq1 Iru frqyhqlhqfh/ ohw xv zulwh T EeW Eq c ( ’ T Eqc( 
Ohppd 5= Ohw T ’ 4@ dT Eq E( c (c T E	qc(c o ghqrwh wkh orzhvw ydoxh ri
T Eqc( vxfk wkdw l, wkh srvwwdnhryhu vkduh ydoxh htxdov ru h{fhhgv wkh wdujhw*v lql0
wldo qhw zruwk/ dqg ll, q  	q1 Wkh jdph lq zklfk wkh wdujhw vkduhkroghuv ghflgh zkhwkhu
wr whqghu wkhlu vkduhv kdv wkh iroorzlqj Sduhwr0grplqdqw Qdvk htxloleulxp rxwfrphv1
Fdvh 41 T Ec(  
l, Li K 	 c wkh elg idlov1
ll, Li K ’ c hlwkhu wkh elg idlov/ ru wkh elg vxffhhgv dqg doo vkduhv duh whqghuhg1
lll, Li K : c wkh elg vxffhhgv dqg doo vkduhv duh whqghuhg1
Fdvh 51 T Ec( : 
l, Li K 	 T c wkh elg idlov1
ll, Li K 5 dT c T Ec (o c wkh elg vxffhhgv dqg d iudfwlrq q ri wkh vkduhv lv whqghuhg vxfk
wkdw K ’ T Eqc(  Lq wkh vshfldo fdvh zkhuh K ’ c wkhuh h{lvwv dq dgglwlrqdo Sduhwr0
grplqdqw htxloleulxp rxwfrph zkhuh wkh elg idlov1
lll, Li K : T Ec (c wkh elg vxffhhgv dqg doo vkduhv duh whqghuhg1
Ohppd 5 lv looxvwudwhg lq Iljxuh 51 Lq Fdvh 4/ wkh udlghu*v ghew lv vr kljk wkdw wkh
srvwwdnhryhu vkduh ydoxh lv ohvv wkdq wkh wdujhw*v lqlwldo qhw zruwk iru doo q  	q Li K 	 c



















Iljxuh 5= Looxvwudwlrq ri Ohppd 5
lv Sduhwr0grplqdwhg e| dq htxloleulxp zkhuh qrerg| whqghuv1 Li K ’ c wkhuh h{lvwv
d vlqjoh Qdvk htxloleulxp zkhuh wkh elg vxffhhgv1 Lq wklv htxloleulxp/ doo vkduhkroghuv
whqghu zlwk suredelolw| / zklfk lpsolhv wkdw wkhlu sd|r lv  Krzhyhu/ vlqfh qrerg|
whqghuv |lhogv dovr / wkhuh h{lvw wzr Sduhwr0grplqdqw Qdvk htxloleulxp rxwfrphv1
Ilqdoo|/ li K : c wkh udlghu*v elg lv vwulfwo| kljkhu wkdq wkh srvwwdnhryhu vkduh ydoxh
iru doo q  	q1 Dffruglqjo|/ wkh jdph kdv d xqltxh Sduhwr0grplqdqw Qdvk htxloleulxp
zkhuh wkh elg vxffhhgv dqg doo vkduhkroghuv whqghu zlwk suredelolw| 1
Lq Fdvh 5/ wkh srvwwdnhryhu vkduh ydoxh h{fhhgv wkh wdujhw*v lqlwldo qhw zruwk iru
fhuwdlq ydoxhv ri q  	q Li wkh udlghu*v elg lv orzhu wkdq wkh orzhvw srvvleoh srvwwdnhryhu
vkduh ydoxh xqghu dq| ri wkhvh q +Fdvh 5 l,,/ wkhuh hlwkhu h{lvwv qr Qdvk htxloleulxpzkhuh
wkh elg vxffhhgv/ ru dq| Qdvk htxloleulxp zkhuh wkh elg vxffhhgv |lhogv vwulfwo| ohvv wkdq
 dqg lv wkhuhiruh Sduhwr0grplqdwhg e| dq htxloleulxp zkhuh wkh elg idlov1 Rq wkh rwkhu
kdqg/ li wkh elg lv kljkhu wkdq wkh kljkhvw srvvleoh srvwwdnhryhu vkduh ydoxh +Fdvh 5 lll,,/
wkhuh h{lvwv d xqltxh Sduhwr0grplqdqw Qdvk htxloleulxp zkhuh doo vkduhkroghuv whqghu
zlwk suredelolw| 1 Ilqdoo|/ lq wkh lqwhuphgldwh fdvh zkhuh K ’ T Eqc(  T iru vrph
q  	q +Fdvh 5 ll,/ wkhuh h{lvwv d Sduhwr0grplqdqw Qdvk htxloleulxp rxwfrph zkhuh wkh
elg vxffhhgv dqg d iudfwlrq q ’ q ri wkh vkduhv lv whqghuhg vxfk wkdw K ’ T Eqc( 
Wklv fdvh lv ghslfwhg lq wkh uljkw slfwxuh lq Iljxuh 51 Wkh lqwxlwlrq lv wkh vdph dv
lq Exunduw/ Jurpe/ dqg Sdqxq}l +4<<;,1 D vshfldo fdvh dulvhv li K ’  Lq wklv fdvh/
wkh htxloleulxp sd|r lv qK n E qT Eqc( ’ c zklfk lpsolhv wkdw wkhuh h{lvwv dq
dgglwlrqdo Sduhwr0grplqdqw Qdvk htxloleulxp rxwfrph zkhuh wkh elg idlov1
Vwdjh 4 =
Lq vwdjh 4/ wkh udlghu fkrrvhv d ghew ohyho dqg d elg wkdw pd{lpl}h klv h{shfwhg
xwlolw|/ vxemhfw wr wzr frqvwudlqwv= l, wkh ghew ohyho pxvw eh ihdvleoh/ l1h1 (  ( Eq c
43
zkhuh q lv wkh +udwlrqdoo| dqwlflsdwhg, iudfwlrq ri whqghuhg vkduhv lq vwdjh 5/ dqg ll, wkh
ixqgv udlvhg pxvw eh vx!flhqwo| kljk wr sd| iru wkh whqghuhg vkduhv dqg wkh wudqvdfwlrq
frvw/ l1h1 (  qKnS Dqdorjrxv wr Jurvvpdq dqg Kduw +4<;6,/ wkh udlghu*v rswlpl}dwlrq
sureohp fdq eh ghfrpsrvhg lqwr wzr vwhsv1 Lq wkh uvw vwhs/ wkh udlghu ghwhuplqhv iru
hdfk srvvleoh ydoxh ri q  	q wkh ydoxhv ri ( dqg K wkdw lpsohphqw q dw wkh orzhvw
srvvleoh frvw1 Uhfdoo iurp Ohppd 4 +uljkw slfwxuh lq Iljxuh 4, wkdw hdfk ydoxh ri (
xqltxho| ghqhv d ixqfwlrq T Eqc(1 Lq frqmxqfwlrq zlwk wkh udlghu*v elg/ wklv ixqfwlrq
lqgxfhv d sduwlfxodu ydoxh ri q Lq wkh vhfrqg vwhs/ wkh udlghu ghwhuplqhv wkh ydoxh ri q
wkdw pd{lpl}hv klv h{shfwhg xwlolw|1 Dv wkh iroorzlqj sursrvlwlrq vkrzv/ wkh vroxwlrq wr
wkh udlghu*v sureohp ghshqgv fulwlfdoo| rq wkh vl}h ri wkh wdujhw*v lqlwldo qhw zruwk1
Sursrvlwlrq 4= Wkh whqghu rhu jdph zlwk ghew qdqflqj kdv wkh iroorzlqj vxejdph
shuihfw Qdvk htxloleulxp rxwfrphv1
Fdvh 41  EeW E   +kljk lqlwldo qhw zruwk,1
Htxloleulxp Rxwfrph 41 Li eW E   EeW E  Sc wkh udlghu fkrrvhv ( vxfk wkdw
T Ec (   dqg rhuv K ’ 1 Doo vkduhv duh whqghuhg/ dqg wkh udlghu fkrrvhv wkh
h!flhqw hruw ohyho eW E  Li eW E  EeW E 	 Sc wkh wdnhryhu grhv qrw wdnh sodfh1
Htxloleulxp Rxwfrph 51 Li eW E   EeW E : Sc wkh udlghu fkrrvhv ( vxfk wkdw
T Ec (   dqg rhuv K ’  n 0c zkhuh 0 lv vpdoo1 Doo vkduhv duh whqghuhg/ dqg
wkh udlghu fkrrvhv wkh h!flhqw hruw ohyho eW E  Li eW E  EeW E  Sc wkh wdnhryhu
grhv qrw wdnh sodfh1
Fdvh 51  EeW E :  +orz lqlwldo qhw zruwk,1
Li neW E2 EeW E  Sc wkh udlghu fkrrvhv ( ’ ( E dqg rhuv K ’ T Ec ( E ’
 EeW E  Doo vkduhv duh whqghuhg/ dqg wkh udlghu fkrrvhv wkh h!flhqw hruw ohyho eW E 
Li  n eW E 2 EeW E 	 Sc wkh wdnhryhu grhv qrw wdnh sodfh1
Sursrvlwlrq 4 lv looxvwudwhg lq Iljxuh 61 Lq Fdvh 4/ wkh udlghu fdq dozd|v qg d
ghew ohyho vxfk wkdw wkh srvwwdnhryhu vkduh ydoxh T Ec ( lv ohvv wkdq ru htxdo wr wkh
wdujhw*v lqlwldo qhw zruwk1 Wr vhh wklv/ vxssrvh wkh udlghu fkrrvhv wkh pd{lpxp srvvleoh
ghew ohyho ( E  Lq wklv fdvh/ wkh ixqfwlrq T Eqc( E lv }hur li q 	  dqg htxdo wr
 EeW E   li q ’  Li  EeW E lv vwulfwo| ohvv wkdq c wkh udlghu fdq dovr sxvk
T Ec ( ehorz wkh wdujhw*v lqlwldo qhw zruwk e| fkrrvlqj d ghew ohyho wkdw lv vpdoohu
wkdq ( E  Wklv lv looxvwudwhg lq wkh ohiw slfwxuh lq Iljxuh 6/ zkhuh wkh ghew ohyho
( 	 ( E lv fkrvhq1 Jlyhq wkdw T Ec ( lv ohvv wkdq ru htxdo wr / dq| htxloleulxp
zkhuh wkh wdnhryhu vxffhhgv pxvw kdyh q ’  e| Ohppd 5/ Fdvh 41 Wr lpsohphqw q ’ c





















































Iljxuh 6= Looxvwudwlrq ri Sursrvlwlrq 4
zkhuh 0 lv vpdoo +li wkh elg idlov dw K ’ ,1< Li wkh udlghu rhuv K ’ / klv sd|r lv
 ’ eW E  EeW E S +:,
Dqdorjrxvo|/ li wkh udlghu rhuv K ’ n0c klv sd|r lv 0 Revhuyh wkdw +:, frqvwlwxwhv
wkh uvw0ehvw h!flhqf| jdlq dqg wkxv wkh pd{lpxp sd|r wkdw fdq eh dwwdlqhg e| wkh
udlghu xqghu dq| srvvleoh sdudphwhu frqvwhoodwlrq1
Lq Fdvh 5/ wkh udlghu fdqqrw sxvk wkh srvwwdnhryhu vkduh ydoxh ehorz wkh wdujhw*v
lqlwldo qhw zruwk1 Lq wkh uljkw slfwxuh lq Iljxuh 6/ wkh srvwwdnhryhu vkduh ydoxh T Eqc(
lv gudzq iru wkuhh glhuhqw ghew ohyhov= (c (2 E’ ( Eq2c dqg ( E  Frqvlghu wkh
sureohp ri lpsohphqwlqj q2 dw wkh orzhvw srvvleoh frvw1 Wkh slfwxuh vkrzv wzr srvvleoh
zd|v ri lpsohphqwlqj q2 Hlwkhu wkh udlghu fkrrvhv ( ’ ( dqg rhuv K ’ Kc ru kh
fkrrvhv ( ’ (2 dqg rhuv K ’ K2 Lq hlwkhu fdvh/ d iudfwlrq q ’ q2 ri wkh vkduhv lv
whqghuhg +Ohppd 5/ Fdvh 5 ll,1 Wkh udlghu*v sd|r lv wkhq
 ’ (  q2K n q2T Eq2c (  Ee
W Eq2 S +;,
’ (   Ee
W Eq2 Sc
zkhuh  ’ c 2 Vlqfh ( : (c wkh udlghu*v sd|r xqghu E(2c K2 lv vwulfwo| juhdwhu wkdq
xqghu E(c K1 Pruh jhqhudoo|/ wr lpsohphqw d jlyhq ydoxh q dw wkh orzhvw srvvleoh frvw/
wkh udlghu fkrrvhv wkh pd{lpxp ghew ohyho ( ’ ( Eq +lq zklfk fdvh wkh srvwwdnhryhu
vkduh ydoxh kdv d glvfrqwlqxlw| dw q, dqg rhuv K ’ T Eqc( Eq Wklv |lhogv
 ’  n eW Eq  EeW Eq %q   EeW Eq S +<,
<Vwulfwo| vshdnlqj/ wkh udlghu*v sureohp kdv qr vroxwlrq dv iru dq| elg e @ z . % A 3> wkhuh h{lvwv
d elg e @ z . %@5 wkdw pdnhv wkh udlghu vwulfwo| ehwwhu r1 Lq sudfwlyh/ wklv lv qr sureohp wkrxjk dv
wkhuh dozd|v h{lvwv d vpdoohvw xqlw ri sd|phqw1
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Vlqfh wkh h{suhvvlrq  EeW Eq *q lv qrqlqfuhdvlqj lq q/ wkh sd|r ixqfwlrq +<, lv vwulfwo|
lqfuhdvlqj/ zklfk lpsolhv wkdw wkh udlghu*v sd|r lv pd{lpl}hg dw q ’ 43 Wkh rswlpdo
vroxwlrq lq Fdvh 5 lv wkhuhiruh ( ’ ( E dqg K ’ T Ec( E1
Lqvhuwlqj ( ’ ( E dqg K ’ T Ec ( E lq wkh udlghu*v sd|r ixqfwlrq +<, jlyhv
 ’  n eW E 2 EeW E S +43,
Dv  EeW E : c wklv lpsolhv wkdw wkh htxloleulxp sd|r lq Fdvh 5 lv vwulfwo| ohvv wkdq
lq Fdvh 4 +fi1 +:,,1 Lqwxlwlyho|/ lq erwk fdvhv wkh h!flhqf| jdlq lv eW E  EeW E S
Krzhyhu/ lq Fdvh 4 wkh elg suhplxp +l1h1 wkh glhuhqfh K, lv hlwkhu }hur ru 0 +zkhuh
0 lv qhjoljleoh,/ zkloh lq Fdvh 5 wkh elg suhplxp lv htxdo wr
K  ’  EeW E c +44,
zklfk lv vwulfwo| srvlwlyh1 Dffruglqjo|/ lq Fdvh 4 wkh udlghu fdq +doprvw, h{wudfw wkh
ixoo h!flhqf| jdlq/ zkhuhdv lq Fdvh 5 kh pxvw vkduh sduw ri wkh h!flhqf| jdlq zlwk
wkh wdujhw vkduhkroghuv1 Wklv lv gxh wr wkh idfw wkdw lq Fdvh 5 wkh udlghu fdqqrw sxvk
wkh srvwwdnhryhu vkduh ydoxh ehorz wkh wdujhw*v lqlwldo qhw zruwk dv klv delolw| wr eruurz
djdlqvw wkh wdujhw*v dvvhwv lv olplwhg e| srvwwwdnhryhu prudo kd}dug1 Uhfdoo iurp +8, wkdw
wkh pd{lpxp dprxqw wkdw wkh udlghu fdq eruurz lv ( E ’ neW E EeW E c zklfk
|lhogv d srvwwdnhryhu vkduh ydoxh ri T Ec ( E ’  EeW E : 1 Krzhyhu/ ehfdxvh ri
wkh iuhh0ulghu sureohp/ dq| dprxqw e| zklfk wkh srvwwdnhryhu vkduh ydoxh h{fhhgv wkh
wdujhw*v lqlwldo qhw zruwk pxvw eh sdvvhg wr wkh wdujhw vkduhkroghuv lq wkh irup ri d elg
suhplxp1 Wkh vlwxdwlrq lv glhuhqw li wkhuh lv qr srvwwdnhryhu prudo kd}dug rq wkh sduw
ri wkh udlghu1 Li wkh udlghu fdq frqwudfwxdoo| frpplw wr fkrrvh wkh uvw0ehvw hruw eW E c
kh fdq eruurz dq| dprxqw xs wr n eW E c zklfk lpsolhv wkdw kh fdq dozd|v sxvk wkh
srvwwdnhryhu vkduh ydoxh ehorz wkh wdujhw*v lqlwldo qhw zruwk1
Ilqdoo|/ ohw xv srlqw rxw wkdw wkh rxwfrph fkdudfwhul}hg lq Sursrvlwlrq 4 lv vrfldoo|
lqh!flhqw1 Lq Fdvh 5/ wkh wdnhryhu idlov zkhqhyhu n eW E 2 EeW E S lv qhjdwlyh1
Wkxv/ li wkh wdujhw*v lqlwldo qhw zruwk lv vx!flhqwo| orz/ wkh wdnhryhu pd| idlo hyhq
wkrxjk wkh h!flhqf| jdlq eW E  EeW E S lv vwulfwo| srvlwlyh1
6 H{rjhqrxv Ydoxh Lpsuryhphqwv
Li wkhuh lv qr srvwwdnhryhu prudo kd}dug rq wkh sduw ri wkh udlghu/ wkh htxloleulxp elg
suhplxp qr orqjhu ghshqgv rq wkh vl}h ri wkh wdujhw*v lqlwldo qhw zruwk1 Wr vhh wklv/
vxssrvh wkh ydoxh lpsuryhphqw +qhw ri hruw frvw, lv jlyhq e| vrph frqvwdqw dprxqw
43Wr vhh wkdw # +h +,, @ lv qrqlqfuhdvlqj lq / qrwh wkdw g ^# +h +,, @` @g @ 4@#33 +h +,, 
# +h +,, @5> zkhuh  @ #3 +h +,, = E| Dvvxpswlrq 4/ wklv h{suhvvlrq lv hlwkhu }hur ru qhjdwlyh1
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  f Dv wkhuh duh qr lqfhqwlyh frqvwudlqwv/ wkh pd{lpxp dprxqw wkdw wkh udlghu fdq
eruurz lv  n c zklfk lpsolhv wkdw kh fdq dozd|v sxvk wkh srvwwdnhryhu vkduh ydoxh
ehorz wkh wdujhw*v lqlwldo qhw zruwk1 E| Sursrvlwlrq 4 +Fdvh 4,/ wkh elg suhplxp lv wkhq
hlwkhu }hur ru 0 dqg wkhuhiruh lqghshqghqw ri  Ghqrwh wkh srvwwdnhryhu vkduh ydoxh iru
wkh fdvh zkhuh wkh udlghu*v ydoxh lpsuryhphqw lv h{rjhqrxv e| Tf ’ 4@ d n  (c fo1
Wkh iroorzlqj uhvxowv duh wkh frxqwhusduwv wr Ohppd 5 dqg Sursrvlwlrq 4/ uhvshfwlyho|1
Wkh surriv duh dqdorjrxv wr wkrvh ri Ohppd 5 dqg Sursrvlwlrq 41
Ohppd 6= Li wkh udlghu*v ydoxh lpsuryhphqw lv h{rjhqrxv/ wkh jdph lq zklfk wkh wdu0
jhw vkduhkroghuv ghflgh zkhwkhu wr whqghu wkhlu vkduhv kdv wkh iroorzlqj Sduhwr0grplqdqw
Qdvk htxloleulxp rxwfrphv1
Fdvh 41 Tf 	 
l, Li K 	 c wkh elg idlov1
ll, Li K ’ c hlwkhu wkh elg idlov/ ru wkh elg vxffhhgv dqg doo vkduhv duh whqghuhg1
lll, Li K : c wkh elg vxffhhgv dqg doo vkduhv duh whqghuhg1
Fdvh 51 Tf  
l, Li K 	 Tf c wkh elg idlov1
ll, Li K ’ Tfc wkh elg vxffhhgv dqg d iudfwlrq q 5 d	qc o ri wkh vkduhv lv whqghuhg1 Lq
wkh vshfldo fdvh zkhuh K ’ c wkhuh h{lvwv dq dgglwlrqdo Sduhwr0grplqdqw htxloleulxp
rxwfrph zkhuh wkh elg idlov1
lll, Li K : Tfc wkh elg vxffhhgv dqg doo vkduhv duh whqghuhg1
Revhuyh wkdw lq Fdvh 5 ll,/ wkhuh h{lvwv d frqwlqxxp ri Sduhwr0grplqdqw Qdvk htxl0
oleulxp rxwfrphv1 Li wkh udlghu rhuv K ’ Tfc hdfk lqglylgxdo vkduhkroghu lv lqglhuhqw
ehwzhhq whqghulqj dqg qrw whqghulqj frqglwlrqdo xsrq wkh idfw wkdw wkh elg vxffhhgv1
Dffruglqjo|/ hdfk q 5 d	qc o lv d Sduhwr0grplqdqw Qdvk htxloleulxp rxwfrph1
Sursrvlwlrq 5= Wkh whqghu rhu jdph zlwk ghew qdqflqj dqg h{rjhqrxv ydoxh
lpsuryhphqwv kdv wkh iroorzlqj vxejdph shuihfw Qdvk htxloleulxp rxwfrphv1
Htxloleulxp Rxwfrph 41 Li   Sc wkh udlghu fkrrvhv ( vxfk wkdw  n   (   dqg
rhuv K ’ 1 Hlwkhu doo vkduhv duh whqghuhg +li ( : ,c ru d iudfwlrq q 5 d	qc o ri wkh
vkduhv lv whqghuhg +li ( ’ ,1 Li  	 Sc wkh wdnhryhu grhv qrw wdnh sodfh1
Htxloleulxp Rxwfrph 51 Li  : Sc wkh udlghu fkrrvhv ( vxfk wkdw  n  (   dqg
rhuv K ’  n 0c zkhuh 0 lv vpdoo1 Vxevhtxhqwo|/ doo vkduhv duh whqghuhg1 Li   Sc wkh
wdnhryhu grhv qrw wdnh sodfh1
Lqflghqwdoo|/ lq wkh uvw htxloleulxp rxwfrph/ wkh udlghu*v sd|r lv dozd|v   S
uhjdugohvv ri zkhwkhu ( ’  dqg d iudfwlrq q 5 d	qc o ri wkh vkduhv lv whqghuhg/ ru ( : 
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dqg doo vkduhv duh whqghuhg1 Wkh uhdvrq lv wkdw/ xqolnh lq wkh fdvh zkhuh wkh udlghu*v
ydoxh lpsuryhphqw lv hqgrjhqrxv/ wkh srvwwdnhryhu vkduh ydoxh frqglwlrqdo xsrq wkh
idfw wkdw wkh wdnhryhu vxffhhgv grhv qrw ghshqg rq wkh iudfwlrq ri whqghuhg vkduhv q
7 Ghihqvlyh Fdslwdo Vwuxfwxuh Fkdqjhv
Xs wr wklv srlqw/ zh kdyh dvvxphg wkdw wkh lqfxpehqw pdqdjhphqw uhpdlqv sdvvlyh
zkhq lw idfhv d whqghu rhu1 Fohduo|/ wklv lv d vwurqj dvvxpswlrq vlqfh e| frqwuroolqj
wkh wdujhw*v fdslwdo vwuxfwxuh +pruh suhflvho|= e| frqwuroolqj wkh wdujhw*v qhw zruwk ,/
wkh pdqdjhphqw fdq dhfw wkh surwdelolw| ri wkh whqghu rhu +fi1 Sursrvlwlrq 4,1
Iru lqvwdqfh/ wkh lqfxpehqw pdqdjhphqw fdq lqfuhdvh  e| lvvxlqj qhz htxlw|/ dqg
lw fdq uhgxfh  wkurxjk d ohyhudjhg uhfdslwdol}dwlrq ru vshfldo glylghqg sd|rxw1 Wklv
vhfwlrq lqyhvwljdwhv wkh rswlpdo fkrlfh ri wkh wdujhw*v lqlwldo qhw zruwk e| wkh lqfxpehqw
pdqdjhphqw xqghu wzr dowhuqdwlyh vfhqdulrv= l, wkh lqfxpehqw pdqdjhphqw dfwv lq wkh
lqwhuhvw ri lwv vkduhkroghuv/ dqg ll, wkh lqfxpehqw pdqdjhphqw dfwv lq lwv rzq lqwhuhvw1
714 Pdqdjhphqw Dfwv lq wkh Lqwhuhvw ri Vkduhkroghuv
Li wkh lqfxpehqw pdqdjhphqw dfwv lq wkh lqwhuhvw ri lwv vkduhkroghuv/ zh dvvxph wkdw
lw pd{lpl}hv wkh elg suhplxp1 Dv zdv vkrzq lq Sursrvlwlrq 4/ wkh vl}h ri wkh elg
suhplxp ghshqgv fuxfldoo| rq wkh uhodwlrq ehwzhhq wkh wdujhw*v lqlwldo qhw zruwk dqg
wkh srvwwdnhryhu vkduh ydoxh T Ec( E ’  EeW E  Li  lv htxdo wr ru juhdwhu wkdq
 EeW E/ wkh elg suhplxp lv hlwkhu }hur ru 0c zkhuhdv li  lv ohvv wkdq  EeW E/ wkh
elg suhplxp lv  EeW E  : f +fi1 +44,,1 Wkxv/ e| uhgxflqj wkh wdujhw*v qhw zruwk/
wkh lqfxpehqw pdqdjhphqw fdq udlvh wkh elg suhplxp1 Dq xsshu erxqg iru wkh elg
suhplxp +dqg khqfh d orzhu erxqg iru wkh wdujhw*v qhw zruwk, lv jlyhq e| wkh udlghu*v
htxloleulxp sd|r +43,1 Li  	 eW E n 2 EeW En Sc wkh wdnhryhu idlov dqg wkh jdlqv
uhdol}hg e| wdujhw vkduhkroghuv duh }hur1 Wklv surylghv xv zlwk wkh iroorzlqj Sursrvlwlrq1
Sursrvlwlrq 6= Ghqrwh e| . ’ eW E   EeW E  S wkh htxloleulxp h!flhqf|
jdlq li wkh whqghu rhu lv qdqfhg zlwk ghew1 Li wkh lqfxpehqw pdqdjhphqw dfwv lq wkh
lqwhuhvw ri lwv vkduhkroghuv/ wkh rswlpdo fkrlfh ri wkh wdujhw*v qhw zruwk lv
l,  ’ f n 0c zkhuh 0 lv vpdoo/ li .   EeW E c
ll,  ’  EeW E . li  EeW E : . : fc dqg
lll,   f li f  .
Lq fdvh l,/ wkh h!flhqf| jdlq lv vr odujh wkdw wkh udlghu*v htxloleulxp sd|r lv qrq0
qhjdwlyh iru doo ydoxhv ri  Jlyhq wkdw wkh wdnhryhu wdnhv sodfh dw dq| udwh/ wkh sd|r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wr wkh wdujhw vkduhkroghuv lv pd{lpl}hg li  lv fkrvhq dv orz dv srvvleoh +iru whfkqlfdo
uhdvrqv/ zh kdyh uxohg rxw wkh fdvh zkhuh  fdq eh }hur,1 Wkh elg suhplxp lv wkhq
 EeW E 0czklfk lv vwulfwo| srvlwlyh1 Frqvhtxhqwo|/ wkh udlghu*v htxloleulxp sd|r lv
 ’ .   EeW E n 0c +45,
zklfk lpsolhv wkdw kh pxvw vkduh d vwulfwo| srvlwlyh iudfwlrq ri wkh h!flhqf| jdlq zlwk
wkh wdujhw vkduhkroghuv1 Lqwxlwlyho|/ e| uhgxflqj wkh wdujhw*v qhw zruwk/ wkh lqfxpehqw
pdqdjhphqw olplwv wkh udlghu*v delolw| wr eruurz djdlqvw wkh wdujhw*v dvvhwv dv lw uhgxfhv
wkh froodwhudo iru wkh udlghu*v ghew1 Lq sduwlfxodu/ wkh udlghu fdqqrw udlvh hqrxjk ghew
wr sxvk wkh srvwwdnhryhu vkduh ydoxh ehorz wkh wdujhw*v lqlwldo qhw zruwk1 Exw dv zdv
dujxhg hduolhu/ dq| dprxqw e| zklfk wkh srvwwdnhryhu vkduh ydoxh h{fhhgv wkh wdujhw*v
lqlwldo qhw zruwk pxvw eh sdvvhg wr wkh wdujhw vkduhkroghuv lq wkh irup ri d elg suhplxp1
Wkxv/ uhgxflqj wkh wdujhw*v qhw zruwk wr }hur +soxv 0, lv rswlpdo1
Lq fdvh ll,/ wkh h!flhqf| jdlq lv vwloo srvlwlyh/ exw wkh wdnhryhu idlov iru orz ydoxhv
ri  ehfdxvh wkh udlghu*v delolw| wr eruurz djdlqvw wkh wdujhw*v dvvhwv lv olplwhg e|
srvwwdnhryhu prudo kd}dug1 Lq wklv fdvh/ vhwwlqj wkh wdujhw*v qhw zruwk htxdo wr }hur
lv qrw rswlpdo1 Krzhyhu/ li  lv vhw htxdo wr  EeW E  . : fc wkh udlghu fdq udlvh
mxvw hqrxjk ixqgv vr wkdw klv htxloleulxp sd|r lv }hur1 Frqvhtxhqwo|/ wkh wdnhryhu
+mxvw, wdnhv sodfh1 Wkh elg suhplxp lv wkhq K   ’ .c zklfk lpsolhv wkdw wkh wdujhw
vkduhkroghuv fdq h{wudfw wkh ixoo h!flhqf| jdlq1 Wklv fdvh lv ri sduwlfxodu lqwhuhvw ehfdxvh
lw vkrzv wkdw lw qhhg qrw dozd|v eh rswlpdo wr uhgxfh wkh wdujhw*v qhw zruwk1 Rq wkh
frqwudu|/ li wkh wdujhw*v lqlwldo qhw zruwk lv orz/ lw pd| eh rswlpdo wr lqfuhdvh  +h1j1
wkurxjk d qhz htxlw| lvvxh, wr hqvxuh wkdw wkh wdnhryhu wdnhv sodfh1
Ilqdoo|/ lq fdvh lll, wkh udlghu*v htxloleulxp sd|r lv }hur li erwk . ’ f dqg  
 EeW E c dqg vwulfwo| qhjdwlyh iru doo rwkhu ydoxhv ri . dqg  Lq wkh iruphu fdvh/
wkh wdnhryhu pdwhuldol}hv dqg wkh elg suhplxp lv }hur/ zkhuhdv lq wkh odwwhu fdvh/ wkh
wdnhryhu idlov144 Dffruglqjo|/ wkh sd|r wr wkh wdujhw vkduhkroghuv lv }hur iru doo   fc
zklfk lpsolhv wkdw wkh fkrlfh ri wkh wdujhw*v qhw zruwk lv luuhohydqw1
Wr vxppdul}h/ d uhgxfwlrq lq wkh wdujhw*v qhw zruwk ehqhwv wkh wdujhw vkduhkroghuv
xs wr wkh ohyho zkhuh wkh udlghu*v surw lv }hur1 Li wkh wdujhw*v qhw zruwk lv uhgxfhg eh|rqg
wklv ohyho/ wkh udlghu*v surw ehfrphv qhjdwlyh dqg wkh wdnhryhu grhv qrw wdnh sodfh1 D
vlplodu srlqw lv pdgh e| Lvudho +4<<4,/ zkr h{dplqhv wkh fkrlfh ri wkh wdujhw*v fdslwdo
vwuxfwxuh e| dq lqfxpehqw pdqdjhphqw zklfk dfwv lq wkh lqwhuhvw ri lwv vkduhkroghuv1
Dv lq rxu prgho/ dq lqfuhdvh lq wkh ghew ohyho +l1h1 d uhgxfwlrq lq wkh wdujhw*v qhw zruwk,
orzhuv wkh olnholkrrg wkdw wkh wdnhryhu pdwhuldol}hv/ exw lqfuhdvhv wkh jdlqv wr wkh wdujhw
44Lqflghqwdoo|/ li H @ 3 dqg z  # +h +4,, > wkhuh h{lvwv d vhfrqg htxloleulxp rxwfrph zkhuh wkh
udlghu*v htxloleulxp sd|r lv % dqg wkh wdnhryhu idlov +fi1 Sursrvlwlrq 4/ Fdvh 4,1
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vkduhkroghuv li wkh wdnhryhu pdwhuldol}hv1 Xqolnh lq rxu prgho/ krzhyhu/ wkh jdlqv wr
wkh wdujhw vkduhkroghuv frph iurp dq dssuhfldwlrq lq wkh ydoxh ri wkh wdujhw*v ghew1
Vlqfh wkh dssuhfldwlrq lv ixoo| dqwlflsdwhg dqg ghew lv vrog dw d idlu sulfh/ wkh wdujhw
vkduhkroghuv fdq h{wudfw wkhvh jdlqv h{ dqwh iurp srwhqwldo ghewkroghuv1
715 Pdqdjhphqw Dfwv lq Lwv Rzq Lqwhuhvw
Li wkh lqfxpehqw pdqdjhphqw dfwv sulpdulo| lq lwv rzq lqwhuhvw/ zh dvvxph wkdw lw
pd{lpl}hv lwv whqxuh1 Khqfh/ zkhqhyhu wkh vxffhvv ri wkh wdnhryhu ghshqgv rq wkh vl}h
ri wkh wdujhw*v lqlwldo qhw zruwk/ wkh lqfxpehqw pdqdjhphqw fkrrvhv  vx!flhqwo| orz
wr hqvxuh wkdw wkh wdnhryhu idlov1 Rq wkh rwkhu kdqg/ li wkh wdnhryhu hlwkhu idlov ru wdnhv
sodfh dw dq| udwh/ wkh lqfxpehqw pdqdjhphqw lv lqglhuhqw zlwk uhvshfw wr lwv fkrlfh ri
 Wkh surri ri wkh iroorzlqj sursrvlwlrq lv dqdorjrxv wr wkdw ri Sursrvlwlrq 61
Sursrvlwlrq 7= Ghqrwh e| . ’ eW E EeW E S wkh htxloleulxp h!flhqf| jdlq
li wkh whqghu rhu lv qdqfhg zlwk ghew1 Li wkh lqfxpehqw pdqdjhphqw dfwv lq lwv rzq
lqwhuhvw/ wkh rswlpdo fkrlfh ri wkh wdujhw*v qhw zruwk lv
l,   f li hlwkhu .   EeW E ru . 	 fc dqg
ll,  	  EeW E li  EeW E : .  f
Lq fdvh ll,/ wkh lqfxpehqw pdqdjhphqw uhgxfhv wkh wdujhw*v qhw zruwk wr hqvxuh wkdw
wkh udlghu fdqqrw eruurz hqrxjk ixqgv iru wkh wdnhryhu wr pdwhuldol}h1 D vlpsoh zd|
ri grlqj wklv lv e| lvvxlqj dgglwlrqdo ghew dqg glvwulexwlqj wkh surfhhgv wr wkh wdujhw
vkduhkroghuv1 Rxu prgho wkhuhiruh surylghv d udwlrqdoh iru wkh xvh ri ghew dv d wdnhryhu
ghihqvh zklfk glhuv iurp erwk Vwxo} +4<;;, dqg Kduulv dqg Udyly +4<;;,1 Lq erwk
sdshuv/ wkh lqfxpehqw pdqdjhphqw lqfuhdvhv wkh up*v ghew wr uhsxufkdvh htxlw| iurp
rxwvlghuv/ wkhuhe| frqfhqwudwlqj wkh yrwlqj srzhu lq wkh kdqgv ri wkh pdqdjhphqw1
8 Hpslulfdo Lpsolfdwlrqv
Rqh ri wkh prvw urexvw qglqjv lq wkh hpslulfdo wdnhryhu olwhudwxuh lv wkh h{lvwhqfh ri
vxevwdqwldo elg suhpld +Mhqvhq dqg Uxedfn 4<;6> Mduuhoo/ Eulfnoh|/ dqg Qhwwhu 4<;;,1 Lq
Vhfwlrq 5/ wkh htxloleulxp elg suhplxp fdq dvvxph dq| ydoxh iurp }hur wr wkh pd{lpxp
srvvleoh ydoxh eW E   EeW E  S1 Iurp d wkhruhwlfdo shuvshfwlyh/ wkh srvvlelolw| ri
d }hur elg suhplxp lv lqwhuhvwlqj ehfdxvh lw vkrzv wkdw/ frqwudu| wr zkdw lv frpprqo|
eholhyhg/ wkh suhvhqfh ri dwrplvwlf vkduhkroghuv dorqh lv qrw qhfhvvdulo| vx!flhqw wr
4:
rewdlq vxevwdqwldo elg suhpld145 Iurp d sudfwlfdo ylhzsrlqw/ krzhyhu/ wklv uhvxow lv
xqvdwlvidfwru|1 Dv lv vkrzq lq Vhfwlrq 7/ wkh sureohp odujho| glvdsshduv li zh doorz
wkh lqfxpehqw pdqdjhphqw wr dgmxvw wkh wdujhw*v qhw zruwk zkhq lw idfhv d frqfuhwh
wdnhryhu wkuhdw1 Lq wklv fdvh/ wkh elg suhplxp lv dozd|v vwulfwo| erxqghg dzd| iurp
}hur1 Pruhryhu/ li wkh h!flhqf| jdlq lv qrw wrr odujh/ wkh wdujhw vkduhkroghuv fdq hyhq
h{wudfw wkh ixoo h!flhqf| jdlq/ zklfk lv frqvlvwhqw zlwk wkh hpslulfdo revhuydwlrq wkdw wkh
jdlqv wr wkh dftxlulqj up*v vkduhkroghuv duh w|slfdoo| qhjoljleoh1 D vhfrqg idfwru wkdw
gulyhv xs elg suhpld zklfk lv qrw frqvlghuhg khuh lv elgglqj frpshwlwlrq1 Wkh srvlwlyh
hhfw ri elgglqj frpshwlwlwrq rq wkh uhwxuqv wr wdujhw vkduhkroghuv lv grfxphqwhg lq
vhyhudo hpslulfdo vwxglhv +Eudgoh|/ Ghvdl/ dqg Nlp 4<;;> Vwxo}/ Zdonolqj/ dqg Vrqj
4<<3,1 Ehvlghv/ rxu prgho surylghv wkh iroorzlqj whvwdeoh hpslulfdo lpsolfdwlrqv1
Lpsolfdwlrq 4= Wkh uhwxuq wr wkh wdujhw vkduhkroghuv lv ghfuhdvlqj lq erwk wkh
udlghu*v ohyhudjh dqg wkh wdujhw*v lqlwldo qhw zruwk1
Lpsolfdwlrq 4 iroorzv iurp Sursrvlwlrq 41 Lq Fdvh 4 wkh elg suhplxp lv hlwkhu }hur
ru 0c zkhuhdv lq Fdvh 5 wkh elg suhplxp lv  EeW E  c zklfk lv ghfuhdvlqj lq 
Dgglwlrqdoo|/ lq Fdvh 5 dq lqfuhdvh lq wkh ghew ohyho iurp ( 	 ( E wr wkh xsshu erxqg
( E xqdpeljxrxvo| uhgxfhv wkh elg suhplxp1 Revhuyh/ krzhyhu/ wkdw wkh prqrwrqlf
uhodwlrqvkls ehwzhhq ( dqg wkh elg suhplxp rqo| krogv iru vx!flhqwo| orz ydoxhv ri
(1 Li wkh ghew ohyho lv vr kljk wkdw wkh srvwwdnhryhu vkduh ydoxh T Ec ( lv vwulfwo| ohvv
wkdq wkh wdujhw*v lqlwldo qhw zruwk +Fdvh 4,/ d vpdoo fkdqjh lq wkh ghew ohyho kdv qr
hhfw rq wkh elg suhplxp1 Hpslulfdo vxssruw iru Lpsolfdwlrq 4 frphv iurp Odqj/ Vwxo}/
dqg Zdonolqj +4<<4,/ zkr qg wkdw wkh uhwxuqv wr wkh wdujhw vkduhkroghuv duh qhjdwlyho|
fruuhodwhg zlwk erwk wkh udlghu*v ghew dqg wkh pdunhw ydoxh ri wkh wdujhw up1
Lpsolfdwlrq 5= Wkh uhwxuq wr wkh udlghu lv lquhdvlqj lq erwk klv ohyhudjh dqg wkh
wdujhw*v lqlwldo qhw zruwk1
Lpsolfdwlrq 5 lv wkh frxqwhusduw wr Lpsolfdwlrq 41 Hpslulfdo vxssruw iru Lpsolfdwlrq 5
lv surylghg e| Pdorqh|/ PfFruplfn/ dqg Plwfkhoo +4<<6,/ zkr uhsruw d srvlwlyh uhodwlrq
ehwzhhq wkh uhwxuq wr wkh udlghu dqg klv orqj0whup ghew0htxlw| udwlr/ dqg Odqj/ Vwxo}/
dqg Zdonolqj +4<<4,/ zkr vkrz wkdw wkh uhwxuq wr wkh udlghu lv srvlwlyho| fruuhodwhg zlwk
wkh pdunhw ydoxh ri wkh wdujhw up1
Lpsolfdwlrq 6= Wkh suredelolw| ri ehfrplqj d wdnhryhu wdujhw lv juhdwhu iru upv
zlwk d kljk lqlwldo qhw zruwk1
45Lq prvw prghov ri whqghu rhuv zlwk dwrplvwlf vkduhkroghuv/ wkh elg suhplxp lv odujh ehfdxvh ri
wkh lpsolflw dvvxpswlrq wkdw wkh dftxlvlwlrq lv qdqfhg zlwk fdvk iurp wkh udlghu*v rzq srfnhw1
4;
Lpsolfdwlrq 6 lv dq lpphgldwh frqvhtxhqfh ri Sursrvlwlrq 41 Hpslulfdo vxssruw iru
wklv lpsolfdwlrq frphv iurp Sdohsx +4<;9,/ zkr qgv wkdw dq lqfuhdvh lq wkh wdujhw
up*v ohyhudjh ohdgv wr d orzhu suredelolw| ri ehlqj wdnhq ryhu146
Lpsolfdwlrq 7= Rq dyhudjh/ wkh ydoxh dgghg e| d wdnhryhu lv juhdwhu iru wdujhw upv
zlwk d orz lqlwldo qhw zruwk1
Wkh orjlf lv wkh vdph dv lq Lpsolfdwlrq 61 Li wkh wdujhw*v lqlwldo qhw zruwk lv juhdwhu
wkdq ru htxdo wr  EeW E/ wkh ydoxh lpsuryhphqw eurxjkw derxw e| wkh udlghu pxvw
htxdo ru h{fhhg  EeW E n S iru wkh wdnhryhu wr wdnh sodfh1 Frqyhuvho|/ li wkh wdujhw*v
lqlwldo qhw zruwk lv ohvv wkdq  EeW E/ wkh ydoxh lpsuryhphqw pxvw htxdo ru h{fhhg
2 EeW E n S c zklfk lv vwulfwo| juhdwhu wkdq  EeW E n S
Lpsolfdwlrq 8= Fdslwdo vwuxfwxuh fkdqjhv fdq eh xvhg wr ghwhu wdnhryhuv1
Lpsolfdwlrq 8 iroorzv iurp rxu glvfxvvlrq ri ghihqvlyh fdslwdo vwuxfwxuh fkdqjhv lq
Vhfwlrq 71 Hpslulfdo vxssruw iru wklv lpsolfdwlrq lv surylghg e| GhDqjhor dqg GhDqjhor
+4<;8,/ dqg Gdqq dqg GhDqjhor +4<;;,1
9 Frqfoxglqj Uhpdunv
Wkh fhqwudo uhvxow ri wklv sdshu lv wkdw wkh surwdelolw| ri +fdvk, whqghu rhuv iru zlgho|
khog upv ghshqgv juhdwo| rq wkh zd| wkh whqghu rhu lv qdqfhg1 Li wkh whqghu rhu
lv qdqfhg zlwk hlwkhu htxlw| ru fdvk iurp wkh udlghu*v rzq srfnhw/ dq| jdlqv iurp
ixwxuh ydoxh lpsuryhphqwv pxvw eh sdvvhg wr wkh wdujhw vkduhkroghuv lq wkh irup ri d
elg suhplxp wr lqgxfh wkhp wr whqghu wkhlu vkduhv1 Wkxv/ lq wkh devhqfh ri vx!flhqwo|
odujh wrhkrogv +Vkohlihu dqg Ylvkq| 4<;9,/ sulydwh ehqhwv ri frqwuro +Exunduw/ Jurpe/
dqg Sdqxq}l 4<<;,/ ru phdqv wr gloxwh wkh surshuw| uljkwv ri plqrulw| vkduhkroghuv
+Jurvvpdq dqg Kduw 4<;3> Eudgoh| 4<;3,/ wkh wdnhryhu lv xqsurwdeoh dqg grhv qrw
wdnh sodfh1 Lq frqwudvw/ li wkh whqghu rhu lv qdqfhg zlwk ghew/ wkh dgglwlrqdo ohyhudjh
lqwurgxfhg lqwr wkh phujhg up*v fdslwdo vwuxfwxuh uhgxfhv wkh srvwwdnhryhu vkduh ydoxh
dqg wkhuhe| doorzv wkh udlghu wr h{wudfw dw ohdvw sduw ri wkh h!flhqf| jdlq1
Frqvlvwhqw zlwk rxu vwru|/ ohyhudjh sod|hg d pdmru uroh lq wkh 4<;3*v wdnhryhu zdyh
lq wkh Xqlwhg Vwdwhv1 Lq sduwlfxodu/ kljko| ohyhudjhg wudqvdfwlrqv vxfk dv OERv jdlqhg
lqfuhdvlqj lpsruwdqfh1 Lq wkh shulrg ehwzhhq 4<;3 dqg 4<;;/ wkh yroxph ri OERv
46Vhh dovr Sursrvlwlrq 61 Qrwh wkdw dq lqfuhdvh lq wkh wdujhw up*v ghew shu vh grhv qrw uhgxfh wkh
wdujhw*v qhw zruwk1 Zkdw lv qhhghg lv wkdw wkh surfhhgv iurp wkh ghew lvvxh duh vrphkrz glvwulexwhg
wr wkh wdujhw vkduhkroghuv/ h1j1 lq wkh irup ri d vshfldo glylghqg sd|rxw ru htxlw| uhsxufkdvh1
4<
lqfuhdvhg iurp ’569 ploolrq wr ’:41< eloolrq +X1V1 Exuhdx ri wkh Fhqvxv 4<<3/ 4<<6> wkh
’:41< eloolrq lqfoxgh wkh ’571; eloolrq iurp wkh UMU Qdelvfr ghdo,1 Exw dovr wkh uhodwlyh
lpsruwdqfh ri OERv urvh vwhdglo|1 Lq 4<;9/ wzr |hduv ehiruh wkh wdnhryhu zdyh uhdfkhg
lwv shdn/ OERv douhdg| uhsuhvhqwhg 6< shufhqw ri doo sxeolf dftxlvlwlrqv +Mhqvhq 4<;;,1
Dovr frqvlvwhqw zlwk rxu vwru| lv wkh idfw wkdw wkh wdnhryhu zdyh h{shulhqfhg d vkdus
ghfolqh zkhq wkh mxqn erqg pdunhw froodsvhg lq 4<<31 Ehwzhhq 4<;< dqg 4<<3/ wkh ydoxh
ri OERv ihoo e| 95 shufhqw dqg wkdw ri doo wudqvdfwlrqv e| 84 shufhqw1
Ixuwkhupruh/ lw zdv vkrzq wkdw d uhgxfwlrq lq wkh wdujhw*v qhw zruwk +h1j1 wkurxjk
d ohyhudjhg uhfdslwdol}dwlrq ru vshfldo glylghqg sd|rxw, olplwv wkh udlghu*v delolw| wr
eruurz djdlqvw wkh wdujhw*v dvvhwv +pruh suhflvho|= lw olplwv wkh udlghu*v delolw| wr sxvk
wkh srvwwdnhryhu vkduh ydoxh ehorz wkh wdujhw*v lqlwldo qhw zruwk, dqg wkhuhe| pdnhv
wkh wdnhryhu ohvv surwdeoh1 Wkhuh h{lvw qxphurxv h{dpsohv zkhuh upv uhgxfhg wkhlu
qhw zruwk lq uhvsrqvh wr d frqfuhwh wdnhryhu wkuhdw1 Iru lqvwdqfh/ Srodurlg erxjkw 55
shufhqw ri lwv vkduhv dqg sxw wkhp lqwr d qhz hpsor|hh vwrfn rzqhuvkls sodq zkhq
wkuhdwhqhg e| d udlghu +Plojurp dqg Urehuwv 4<<5/ s17;8,1 Olnhzlvh/ wkh uhvwuxfwxulqjv
e| rlo frpsdqlhv idflqj d wdnhryhu wkuhdw vxfk dv Skloolsv ru Xqrfdo lqyroyhg vxevwdqwldo
lqfuhdvhv lq fdvk glylghqgv dqg wkh uhsxufkdvh ri htxlw| lq wkh udqjh ri 58 wr 86 shufhqw
+Mhqvhq 4<;9,1 D sduwlfxoduo| hhfwlyh zd| ri olplwlqj wkh udlghu*v delolw| wr eruurz
djdlqvw wkh wdujhw*v dvvhwv lv wkh vdoh ri dvvhwv wkdw duh sduwlfxoduo| ydoxdeoh +furzq
mhzhov,1 Dq h{dpsoh ri d furzq mhzho vdoh lv wkh rswlrq jlyhq e| Pdudwkrq Rlo wr XV[
wr dftxluh rqh ri Pdudwkrq*v prvw ydoxdeoh rlo hogv dw d edujdlq sulfh li vrph rwkhu
up pdgh dq dwwhpsw wr jdlq frqwuro ri Pdudwkrq +Plojurp dqg Urehuwv 4<<5/ s1849,1
: Dsshqgl{
Surri ri Ohppd 4= Li # +h, A Y +h>G, iru doo h A 3> wkh ixqfwlrq Y +h>G,  # +h, lv vwulfwo|
qhjdwlyh iru doo h A 3 dqg }hur iru h @ 3= Dffruglqjo|/ wkh rswlpdo hruw ohyho lv h @ 3= Frqyhuvho|/ li
# +h,  Y +h>G, iru vrph h A 3> Y +h>G,# +h, kdv d joredo pd{lpxp dw h A 3> zkhuh h lv lpsolflwo|
ghqhg e|  @ #3 +h, = Li Y +h> G, A # +h, > wklv pd{lpxp lv xqltxh1 Li Y +h> G, @ # +h, > wkhuh
h{lvwv d vhfrqg joredo pd{lpxp dw h @ 3> zklfk lpsolhv wkdw wkh udlghu lv lqglhuhqw ehwzhhq h @ 3
dqg h A 3= Lq wklv fdvh/ rxu dvvxpswlrq wkdw wkh udlghu fkrrvhv wkh kljkhu hruw ohyho dssolhv1
Surri ri Ohppd 5= Iluvw/ revhuyh wkdw iru doo  ? a> wkhuh h{lvwv d v|pphwulf Qdvk htxloleulxp
zkhuh doo vkduhkroghuv whqghu zlwk suredelolw|  ? a= Wkxv/ wkh elg idlov lv dozd|v dq htxloleulxp
rxwfrph/ zklfk lpsolhv wkdw dq| htxloleulxp zlwk sd|r vwulfwo| ohvv wkdq z lv Sduhwr0grplqdwhg e|
dq htxloleulxp zkhuh wkh elg idlov1 Pruhryhu/ dv Y +>G, lv srvlwlyh dqg vwulfwo| lqfuhdvlqj lq  iru doo
   +G, dqg }hur iru doo  ?  +G, > Fdvh 4 lv htxlydohqw wr Y +>G,  z iru doo  +zlwk vwulfw
lqhtxdolw| li  ? 4,/ dqg Fdvh 5 lv htxlydohqw wr Y +>G, A z iru vrph +ru doo, 1
Fdvh 41 Li e ? z> dq| Qdvk htxloleulxp zkhuh wkh elg vxffhhgv kdv d sd|r vwulfwo| ohvv wkdq z
dqg lv wkhuhiruh Sduhwr0grplqdwhg e| d Qdvk htxloleulxp zkhuh wkh elg idlov1 Li e @ z/ wkhuh h{lvwv d
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Qdvk htxloleulxp zlwk sd|r z zkhuh doo vkduhkroghuv whqghu zlwk suredelolw| 41 Vlqfh Y +>G, ? z
iru doo  ? 4> dq| xqlodwhudo ghyldwlrq lv vwulfwo| xqsurwdeoh1 Ixuwkhupruh/ wkhuh fdqqrw h{lvw d Qdvk
htxloleulxp zlwk rxwfrph  5 ^a> 4, dv dq| vlqjoh vkduhkroghu fdq jdlq e| ghyldwlqj dqg whqghulqj zlwk
suredelolw| 4= Wkxv/ wkh elg idlov dqg wkh elg vxffhhgv dqg doo vkduhv duh whqghuhg duh wkh xqltxh
Sduhwr0grplqdqw Qdvk htxloleulxp rxwfrphv li e @ z1 E| wkh vdph uhdvrqlqj/ doo vkduhkroghuv whqghu
zlwk suredelolw| 4 lv wkh xqltxh Sduhwr0grplqdqw Qdvk htxloleulxp rxwfrph li e A z1
Fdvh 51 Li e ? Y > wkhuh hlwkhu h{lvwv qr Qdvk htxloleulxp zkhuh wkh elg vxffhhgv dv e ? Y +>G,
iru doo   a +wklv lv wkh fdvh li Y A z dqg  +G, ? a,/ ru dq| Qdvk htxloleulxp zkhuh wkh elg vxffhhgv
|lhogv vwulfwo| ohvv wkdq z dqg lv wkhuhiruh Sduhwr0grplqdwhg e| d Qdvk htxloleulxp zkhuh wkh elg idlov
+wklv lv wkh fdvh li Y @ z> ru li Y A z dqg  +G, A a,1 Li e 5 ^Y > Y +4> G,` > wkhuh h{lvwv iru hdfk e d Qdvk
htxloleulxp rxwfrph zkhuh wkh elg vxffhhgv dqg d iudfwlrq   a lv whqghuhg vxfk wkdw e @ Y +>G,
+vhh Exunduw/ Jurpe/ dqg Sdqxq}l +4<<;, iru ghwdlov,1 Pruhryhu/ dv Y +>G, lv vwulfwo| lqfuhdvlqj/ wkhuh
fdqqrw h{lvw dqrwkhu Qdvk htxloleulxp rxwfrph zkhuh wkh elg vxffhhgv1 Krzhyhu/ lq wkh vshfldo fdvh
zkhuh e @ z> wkh htxloleulxp sd|r lv h{dfwo| htxdo wr z> zklfk lpsolhv wkdw wkhuh h{lvwv dq dgglwlrqdo
Sduhwr0grplqdqw Qdvk htxloleulxp rxwfrph zkhuh wkh elg idlov1 Ilqdoo|/ li e A Y +4> G, > wkhuh h{lvwv d
Qdvk htxloleulxp zkhuh wkh elg vxffhhgv dqg doo vkduhkroghuv whqghu zlwk suredelolw| 4 +dq| xqlodwhudo
ghyldwlrq lv xqsurwdeoh dv e A Y +4> G,,1 Vlqfh e A z> wklv Qdvk htxloleulxp Sduhwr0grplqdwhv dq|
Qdvk htxloleulxp zkhuh wkh elg idlov1 Ixuwkhupruh/ dv e A Y +>G, iru doo   a/ dqrwkhu Qdvk
htxloleulxp zkhuh wkh elg vxffhhgv fdqqrw h{lvw1
Surri ri Sursrvlwlrq 4= Li wkh udlghu fkrrvhv wkh pd{lpxp ghew ohyho G +4, > wkh srvwwdnhryhu
vkduh ydoxh Y +>G +4,, lv }hur iru doo  ? 4 dqg htxdo wr '+G +4,, @ # +h +4,, iru  @ 41 Dffruglqjo|/
li # +h +4,,  z +Fdvh 4,/ wkhuh pxvw h{lvw d ghew ohyho G  G +4, vxfk wkdw Y +4> G,  z= Frqyhuvho|/
li # +h +4,, A z +Fdvh 5,/ lw pxvw krog wkdw Y +4> G, A z iru doo G  G +4, =
Fdvh 41 Vxssrvh wkh udlghu fkrrvhv G  G +4, vxfk wkdw Y +4> G,  z dqg rhuv e @ z= E| Ohppd
5 +Fdvh 4 ll,,/ wkhuh h{lvw wzr htxloleulxp rxwfrphv1 Hlwkhu l, doo vkduhv duh whqghuhg/ ru ll, wkh elg
idlov1 Lq fdvh l,/ wkh udlghu*v sd|r lv
 @ G  z . Y +4> G, # +h +4,, f
@ h +4, # +h +4,, f> +46,
zklfk uhsuhvhqwv wkh uvw0ehvw h!flhqf| jdlq dqg wkxv wkh pd{lpxp sd|r wkdw fdq eh dwwdlqhg e| wkh
udlghu1 Wkhuhiruh/ fkrrvlqj G vxfk wkdw Y +4> G,  z dqg rhulqj e @ z lv lqghhg rswlpdo1 Pruhryhu/
wklv htxloleulxp lv xqltxh dv dq| rwkhu fkrlfh ri G ru e |lhogv vwulfwo| ohvv wkdq +46,1 Li Y +4> G,  z
exw e ? z> wkh elg idlov/ dqg li Y +4> G,  z exw e A z> doo vkduhv duh whqghuhg dqg wkh udlghu*v sd|r
lv  +ez,> zklfk lv vwulfwo| ohvv wkdq +46, +Ohppd 5/ Fdvh 4 l, dqg lll,,1 Wkh fdvh zkhuh G lv vxfk
wkdw Y +4>G, A z lv glvfxvvhg ehorz1 Lq fdvh ll,/ rhulqj e @ z fdqqrw eh dq htxloleulxp1 Krzhyhu/
li wkh udlghu rhuv e @ z . %> zkhuh % lv vpdoo/ doo vkduhv duh whqghuhg +Ohppd 5/ Fdvh 4 lll,, dqg wkh
udlghu*v surw lv %> zklfk lv doprvw htxdo wr wkh uvw0ehvw sd|r +fi1 irrwqrwh <,1 Lw uhpdlqv wr eh
vkrzq wkdw wkh udlghu kdv qr lqfhqwlyh wr ghyldwh iurp wkh dqqrxqfhg ghew ohyho h{ srvw dqg wkdw wkh
frqvwudlqwv G  G +, dqg G  e. f duh erwk vdwlvhg1 Iluvw/ qrwh wkdw wkh udlghu kdv qr lqfhqwlyh wr
ghyldwh iurp wkh dqqrxqfhg ghew ohyho dv dq| ghfuhdvh lq G lqfuhdvhv Y +4> G, e| wkh vdph dprxqw dqg
wkhuhiruh ohdyhv +46, xqfkdqjhg1 Pruhryhu/ dv G  G +4, dqg doo vkduhv duh whqghuhg lq htxloleulxp/ wkh
uvw frqvwudlqw lv reylrxvo| vdwlvhg1 Zlwk uhjdug wr wkh vhfrqg frqvwudlqw/ vxssrvh wkdw G @ G +4, =
Jlyhq wkdw   3 +zklfk lv wkh fdvh li e @ z,/ lw iroorzv wkdw
G +4,  # +h +4,, Y +4> G +4,, . e. f= +47,
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Krzhyhu/ li G @ G +4, > # +h +4,, pxvw htxdo Y +4>G +4,,> iurp zklfk lw iroorzv wkdw G +4,  e . f=
Wkh fdvh zkhuh  A 3 dqg e @ z . % lv dqdorjrxv1
Fdvh 51 Vxssrvh wkh udlghu fkrrvhv G @ G +4, dqg rhuv e @ '+G +4,, @ # +h +4,, = Wkh ixqfwlrq
Y +>G +4,, lv }hur iru doo  ? 4 dqg htxdo wr # +h +4,, A z dw  @ 4 +wklv lv wkh wklfn grw lq wkh uljkw
slfwxuh lq Iljxuh 6,1 E| Ohppd 5 +Fdvh 5 ll,,/ doo vkduhv duh whqghuhg dqg wkh srvwwdnhryhu vkduh ydoxh
lv htxdo wr Y +4>G +4,, @ # +h +4,,1 Wkhuhiruh/ wkh udlghu*v sd|r lv
 @ G +4, # +h +4,, . Y +4> G +4,, # +h +4,, f +48,
@ z . h +4, 5# +h +4,, f=
Zh qrz vkrz wkdw dq| rwkhu frpelqdwlrq ri G ru e |lhogv d sd|r wkdw lv vwulfwo| ohvv wkdq +48,1 Iluvw/
vxssrvh wkdw G @ G +4, exw e A # +h +4,, = E| Ohppd 5 +Fdvh 5 lll,,/ wkh elg vxffhhgv dqg doo vkduhv
duh whqghuhg1 Dffruglqjo|/ wkh udlghu*v sd|r lv   +e # +h +4,,, > zklfk lv vwulfwo| ohvv wkdq +48,1
Olnhzlvh/ vxssrvh wkdw G @ G +4, exw e ? # +h +4,, = E| Ohppd 5 +Fdvh l,,/ wkh elg idlov1 Qh{w/
vxssrvh wkdw G ? G +4, +uhfdoo wkdw dq| ghew ohyho G A G +4, lv qrw ihdvleoh,1 E| Ohppd 5 +Fdvh 5 l,,/
dq| elg e ? Y idlov1 Pruhryhu/ iurp Ohppd 5 +Fdvh 5 ll, dqg lll,, lw iroorzv wkdw dq| elg e A Y +4> G,
lv grplqdwhg e| e @ Y +4> G, = Ilqdoo|/ li e 5 ^Y > Y +4> G,` > d iudfwlrq  ri wkh vkduhv lv whqghuhg vxfk
wkdw e @ Y +>G, +Ohppd 5/ Fdvh 5 ll,, +qrwh wkdw Y A z ehfdxvh '+G +4,, @ # +h +4,, A z> dqg
ehfdxvh ' +G, lv qrqlqfuhdvlqj lq  e| Dvvxpswlrq 4 +fi1 irrwqrwh 43,,1 Wkxv/ wkh udlghu*v sd|r lv
 @ G # +h +,, f= +49,
Vlqfh G pxvw vdwlvi| wkh frqvwudlqw G  G +, > +49, lv erxqghg iurp deryh e|
 @ z . h +, # +h +,,2  # +h +,, f= +4:,
E| Dvvxpswlrq 4/ # +h +,, @ lv qrqlqfuhdvlqj lq  +fi1 irrwqrwh 43,/ zklfk lpsolhv wkdw +4:, lv vwulfwo|
ohvv wkdq +48, iru doo G ? G +4, = Lw uhpdlqv wr eh vkrzq wkdw wkh udlghu kdv qr lqfhqwlyh wr ghyldwh
iurp wkh dqqrxqfhg ghew ohyho h{ srvw dqg wkdw wkh frqvwudlqwv G  G +, dqg G  e . f duh erwk
vdwlvhg1 Iluvw/ qrwh wkdw wkh udlghu kdv qr lqfhqwlyh wr ghyldwh iurp G @ G +4, ehfdxvh dq| ghfuhdvh
lq G lqfuhdvhv Y +4> G, e| wkh vdph dprxqw1 Pruhryhu/ vlqfh G @ G +4, dqg doo vkduhv duh whqghuhg lq
htxloleulxp/ G  G +, lv reylrxvo| vdwlvhg1 Jlyhq wkdw +48, lv qrqqhjdwlyh/ lw iroorzv wkdw









@ # +h +4,, > lw pxvw qhfhvvdulo| eh wuxh wkdw G +4,  e. f=





? z> lw pxvw eh wuxh wkdw G ? G +4, = E| wkh vdph dujxphqw dv lq Fdvh 5/ wkh
udlghu*v sd|r lv wkhq erxqghg iurp deryh e| +4:,/ zklfk lv vwulfwo| ohvv wkdq +46, iru doo =
Surri ri Sursrvlwlrq 6= Uhpdun= doo uhvxowv iroorz lpphgldwho| iurp Sursrvlwlrq 41
Fdvh l, Li z ? # +h +4,, > wkh udlghu*v htxloleulxp sd|r lv z.H# +h +4,, > dqg li z  # +h +4,, >
wkh htxloleulxp sd|r lv hlwkhu H ru H %1 Vlqfh wkh udlghu*v htxloleulxp sd|r lv qrqqhjdwlyh lq erwk
fdvhv/ wkh wdnhryhu wdnhv sodfh uhjdugohvv ri wkh ydoxh ri z1 Li z  # +h +4,, > wkh elg suhplxp lv hlwkhu
3 ru %> zkhuhdv li z ? # +h +4,, > wkh elg suhplxp lv e  z @ # +h +4,,  z>zklfk lv pd{lpl}hg dw
z @ 3 . % +fi1 irrwqrwh <,1
Fdvh ll, Li z ? # +h +4,,H> wkh udlghu*v htxloleulxp sd|r lv vwulfwo| qhjdwlyh dqg wkh wdnhryhu grhv
qrw wdnh sodfh1 Rq wkh rwkhu kdqg/ li z  # +h +4,,H> wkh udlghu*v htxloleulxp sd|r lv qrqqhjdwlyh
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dqg wkh wdnhryhu pdwhuldol}hv +li z  # +h +4,, > wkh htxloleulxp sd|r lv hlwkhu H A 3 ru H%  3> dqg
li # +h +4,, A z  # +h +4,, H> wkh htxloleulxp sd|r lv z . H  # +h +4,,  3,1 Wkh elg suhplxp
lv wkhq hlwkhu }hur ru % +li z  # +h +4,,,/ ru htxdo wr # +h +4,,z +li # +h +4,, A z  # +h +4,,H,1
Vlqfh # +h +4,, z lv vwulfwo| ghfuhdvlqj lq z> wkh rswlpdo ydoxh ri z lv z @ # +h +4,,H1
Fdvh lll, Li H ? 3> wkh wdnhryhu qhfhvvdulo| idlov dv wkh udlghu*v htxloleulxp sd|r lv erxqghg iurp
deryh e| H1 Li H @ 3> wkh wdnhryhu hlwkhu idlov +li z ? # +h +4,, ru li z  # +h +4,, dqg e @ z.%,/ ru lw
pdwhuldol}hv +li z  # +h +4,, dqg e @ z,1 Vlqfh wkh sd|r wr wkh wdujhw vkduhkroghuv lv }hur uhjdugohvv
ri wkh ydoxh ri z/ dq| z  3 lv rswlpdo1
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Odqj/ O1K1S1/ Vwxo}/ U1P1/ dqg Zdonolqj/ U1D1 +4<<4,/ D Whvw ri wkh Iuhh Fdvk Iorz K|srwkhvlv/
Mrxuqdo ri Ilqdqfldo Hfrqrplfv 5</ 64806681
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